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Abstract. In this paper, we will introduce Quantum Toric Varieties
which are (non-commutative) generalizations of ordinary toric varieties
where all the tori of the classical theory are replaced by quantum tori.
Quantum toric geometry is the non-commutative version of the classical
theory; it generalizes non-trivially most of the theorems and proper-
ties of toric geometry. By considering quantum toric varieties as (non-
algebraic) stacks, we define their category and show that it is equivalent
to a category of quantum fans. We develop a Quantum Geometric In-
variant Theory (QGIT) type construction of Quantum Toric Varieties.
Unlike classical toric varieties, quantum toric varieties admit moduli
and we define their moduli spaces, prove that these spaces are orbifolds
and, in favorable cases, up to homotopy, they admit a complex structure.
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1. Introduction
The classical theory of toric geometry has found multiple applications
in the resolution of problems in various fields of mathematics going from
combinatorics to differential geometry.
The purpose of this paper is to present a wide-ranging generalization
of toric geometry: in the same manner in which non-commutative geom-
etry generalizes classical geometry, quantum toric geometry is the non-
commutative version of the classical theory; it generalizes non-trivially most
of the theorems and properties of toric geometry.
Tori (both real and complex) are the building blocks of the classical the-
ory; indeed, a classical n-complex dimensional compact, projective Ka¨hler
toric manifold X can be defined as an equivariant, projective compacti-
fication of the n-complex dimensional torus TdC := C∗ × · · · × C∗ (where
C∗ := C \ {0}).
Real tori also play an important role in the classical theory: the real torus
TdR = S1× · · ·×S1 ⊂ C∗× · · ·×C∗ = TdC acts holomorphically on the whole
of X ⊃ TdC. Thinking of the Ka¨hler manifold (X, g, J, ω) as a symplectic
manifold, the action of the real compact Lie group TdR on X is Hamiltonian,
implying thus the existence of a continuous equivariant moment map µ with
convex image P :
µ : X −→ P ⊆ Rd ∼= Lie(TdR)∗.
A priori, whenever X is compact, P is a compact, convex set but, for a toric
variety X, P turns out to be a convex, rational, Delzant polytope: that is,
the combinatorial dual of P is a triangulation of the sphere Sd−1, and all
the slopes of all the edges of P are rational.
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It is natural to consider P as a stratified space P = P0 q P1 q · · · q
Pd where Pi is the disjoint union of all facets of P of dimension i; this
stratification is inherited by X via the moment map. To wit, the map
µ|Pi : Xi := µ−1(Pi) −→ Pi is a trivial real-torus bundle over Pi identifying
Xi with the product Pi × TiR, and so, X = (P0 × T0R) q . . . q (Pd × TdR),
reconstructing then X as the disjoint union of real Lagrangian tori.
For more general toric varieties, fans (which can be thought in the poly-
topal case as the cone with vertex at the origin of the dual of the polytope)
are used rather than polytopes, but still, an ubiquitous use of complex and
real tori (often appearing in the theory in the guise of lattices on vector
spaces), and their partial compactifications, are the basis of the classical
theory.
The basic idea behind the field of Quantum Toric Geometry is to replace
all the tori appearing in classical toric geometry by quantum tori (also known
as non-commutative tori): just in the same manner in which toric manifolds
can be thought of as integrable systems, our quantum toric manifolds can,
in turn, be interpreted as quantum integrable systems. And likewise, for the
same essential reason that a version of mirror symmetry for toric varieties
can be construed as a parametrized version of T -duality for tori, analogously,
quantum toric manifolds will have a version of mirror symmetry in which
the basic component is non-commutative T -duality.
From a slightly different point of view, quantum toric geometry can be
thought of as a deformation (with deformation parameter ~) of the whole
field of toric geometry (say, as presented in [19]): while very many results
from the classical theory have their counterparts in our quantum generaliza-
tion, the proofs of such results are not entirely obvious. On the other hand,
the flavor of our theory is familiar, for we encounter the usual suspects:
quantum fans, quantum lattices, and the like. Furthermore, of course, the
classical theory is a particular case of the quantum theory, as it should be.
Thus, the basic building block of our theory is a non-commutative defor-
mation of the classical tori TiR known as the quantum torus T iR,~ (depending
on a ’real deformation parameter ~): it is one of the most important and
basic spaces in the field of non-commutative geometry [17].
Let us recall what we mean by a non-commutative space. While an ordi-
nary commutative space X has an algebra of smooth complex valued func-
tions that is commutative, a non-commutative space X is a gadget (often,
it is not an ordinary topological space) whose algebra of smooth functions is
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non-commutative. In fact, roughly speaking1, we have the following diagram
relating four categories2:
Spaces Algebras
NCSpaces NCAlgebras/∼M
∼=
∼=
The quantum 2-torus T 2R,~ ∈ NCSpaces ∼= NCAlgebras/∼M (non-
commutative algebras up to Morita equivalence) is a good starting example,
its algebra A~ of smooth functions (in NCAlgebras) has two (periodic)
generators X, Y that don’t quite commute but rather satisfy the relation:
XY = e2pii~Y X.
The algebra A~ can be realized as an operator algebra first appearing in
quantum mechanics3. When we specialize the parameter ~ to be zero, we
obtain a commutative algebra and, in fact, T 2R,~=0 ∼= T2R, recovering the usual
torus.
There is an important dichotomy for the parameter ~; the space T 2R,~ is
truly non-commutative only when ~ is irrational; when ~ is rational, its
algebra of functions is Morita equivalent to a commutative algebra.
A. Connes has pointed out a beautiful geometric interpretation for the
non-commutative space T 2R,~; it can be thought of as the space of leaves
of a foliation (see Section 6 of [18]). The Kronecker foliation of slope ~
on T2R (depicted in Fig. 1) consists on taking the foliation of the Euclidean
plane R2 and projecting it up by the translation action of the integral lattice
Z2 ⊂ R2. This is the same as considering the image of R2 (and its foliation)
into C2 given by the map E, defined as:
E : (x, y) 7→ (exp(2piix), exp(2piiy)),
and it is because of this that the exponential will play a fundamental role
in our theory.
Whenever ~ = p/q is rational, this is a foliation of the real torus T2R by
circles (actually (p, q)-torus knots) but, otherwise, each leaf winds densely
inside T2R.
As a first approximation, we think of the leaf space of the Kronecker
foliation as the quotient topological space T(~) := T2R/E(~) where E(~) :=
{E(x, ~x) : x ∈ R}) is the (possibly dense) leaf of the torus passing through
1We are obviating various important analytical and categorical issues in this introduc-
tion: often, in non-commutative geometry, one speaks about C∗-algebras, rather than
simply speaking about algebras. Also, in non-commutative geometry, we don’t really
consider morphisms of algebras as mappings among them, but instead, a morphism of al-
gebras A→ B will be an A-B-bi-module: the resulting notion of isomorphism delivers the
concept of Morita equivalence (∼M ) of algebras (cf. [47]). In this paper, though, Morita
equivalence appears in an enriched manner: as the equivalence relation of groupoids that
produces stacks [45]; rather than bimodules, in the groupoid case, Hilsum-Skandalis bi-
bundles take their place [28].
2The upper arrow of the diagram is essentially a consequence of commutative Gelfand-
Naimark theorem [2].
3In fact, this equation is precisely the classical Born-Heisenberg-Jordan commutation
relation [11], [10] ,[23] in Weyl exponential form [56].
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Figure 1. The Kronecker foliation and its holonomy: the
thick line represents an interval of a leaf in the Kronecker
foliation going around once and thus defining a rotation from
the transversal vertical circle into itself. We will denote the
angle of rotation by ~.
the origin; it is also a normal subgroup of T2R, and the quotient is taken in
the group sense. We could obtain the same quotient by considering only the
transversal circle (the vertical circle in Fig. 1 above). If ρ~ : S
1 → S1 is the
holonomy map that rotates the circle by an angle ~, and 〈ρ~〉 is the discrete
group of rotations of the circle it generates (we have an infinite cyclic group
〈ρ~〉 ∼= Z whenever ~ is irrational, and a finite cyclic group otherwise), then
we have:
T(~) := T2R/E(~) ∼= S1/〈ρ~〉,
again, a dichotomy ensues: either ~ is rational and T(~) is a circle (the
quotient of a torus by an embedded torus knot) or ~ is irrational and T(~)
is a non-Hausdorff topological space.
When, in general, T = T/ ∼ is a non-Hausdorff topological space obtained
as the quotient of a manifold T divided by the action of a (possibly non-
compact) group (really, any equivalence relation ∼ defined by a Lie groupoid
action on T ), there is, at least, two very fertile ways to enrich T preserving
some of the information of the geometric groupoid action on T (and landing
in nicer categories than that of possibly non-Hausdorff topological spaces);
(1) by using non-commutative algebras (taking the non-commutative quo-
tient as in section 4 of [18]), and (2) by using stacks (sheafs of groupoids [22]):
from (T,∼) (thought of as a topological groupoid), we can obtain three re-
lated objects; (a) a non-Hausdorff topological space, (b) a non-commutative
algebra AT , and (c) a stack T . From these, T is the richer, it has more
information about the groupoid (T,∼) than the other two objects; then, by
applying the Connes convolution algebra mapping ([16] page 5):
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Groupoids NCAlgebras
Stacks NCSpaces
C
C
here, it is useful to remember that Stacks ∼= Groupoids/∼M and that
NCSpaces ∼= NCAlgebras/∼M , moreover, the descending arrows consists
in both cases in quotienting out Morita equivalences.
Let us consider the example of the quantum torus. Here we have:
(T2R, E(~)) A~
T 2R,~ T 2R,~
C
C
The dramatis personae of this commutative diagram are as follows:
(i) The (translation) Lie groupoid (T2R, E(~)) whose manifold of objects
is the torus T2R (which happens to be a Lie group), and whose arrows
(t, s) : t 7→ t · s are pairs of elements in T2 × E(~).
(ii) The non-commutative algebra A~ (whose two generators satisfy XY =
e2pii~Y X).
(iii) The non-commutative space4 T 2R,~, namely, the Morita equivalence class
[A~]∼M of the algebra A~. We will call this the non-commutative torus
T 2R,~.
(iv) The (non-separated, non-algebraic, smooth) stack T 2R,~ obtained by
stackification of (T2R, E(~)). We will call this the quantum torus T 2R,~.
Because of the remarkable properties of the category of stacks (for ex-
ample, the existence of fibered products), in this paper, we will always
use stacks5 rather than non-commutative spaces: in principle all the non-
commutative geometry can be recovered from the stacky geometry although,
in practice, this may be not entirely trivial. We will return to this issue in
a future work. In any case, it is much simpler to state that, for instance,
T 2C,~ is a Ka¨hler stack, than to try to say the same for its non-commutative
avatar T 2C,~.
Our notation for stacky quotients uses brackets so that, for example, we
have:
T 2R,~ := [T2R/E(~)] ∼= [S1/〈ρ~〉],
and, from now on, we will always use the presentation T 2R,~ := [S
1/〈ρ~〉] for
the quantum torus. Actually, we will need to pass to the Lie algebra by
taking logarithms. Indeed, we will find convenient to use the exponential
group homomorphism (with kernel Z = 〈1〉): E : x ∈ R 7→ E(X) :=
exp(2piix) ∈ S1, which, in turn, induces a map
E : [R/〈1, ~〉]→ [S1/〈ρ~ = E(~)〉] = T 2R,~
4Actually, we should really be taking T 2R,~ to be the dg-category Dbcoh(A~−mod) (after
an adequate interpretation of what a coherent sheaf should be); see, for example, [36].
5Another approach would have been to use diffeological spaces: indeed, surprisingly,
from the diffeological quotient of T2 by E(~), one can recover the stack T 2R,~ (cf. [29, 8])
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which is an isomorphism. We will write the additive subgroup
Γ := 〈1, ~〉 ⊂ R.
Sometimes Γ is called a quasi-lattice but, given our motivation, we will call it
a quantum lattice or, simply, a q-lattice. Clearly, Γ behaves quite differently
whether ~ is rational or not: in the former case, Γ really is a lattice in R,
for it is always the case that Γ ∼= Z. In any case, Γ plays the role of the ‘Lie
algebra’ of the rotation group 〈ρ~〉:
E : Γ→ 〈ρ~〉.
With this, we arrive at the logarithmic representation of the quantum torus:
T 2R,~
∼= [R/Γ].
There are two variations to the previous setting that we will need in our
theory. First, we will work mostly with complex quantum tori rather than
with real quantum tori (although Lagrangian tori will still be real):
T 2C,~ := [T2C/E(~)] ∼= [(C∗)/〈ρ~〉] ∼= [C/Γ].
The second important variation arises from the fact that we will need to
work with tori of arbitrary integer dimension d + 1, so that, in general, we
define:
TC,d,Γ := T
d+1
C,Γ := [T
d
C/E(Γ)]
∼= [Cd/Γ].
where Γ is a q-lattice (namely, a finitely generated additive subgroup of
some Rd spanning it over the real number field). We are to think of Γ as the
holonomy of a linear foliation on Td+1C analogous to that of Figure 1 (where
d = 1 and Γ = 〈1, ~〉), of TdC as a transversal to the foliation, and of Cd as
the universal cover to such transversal.
The simplest example of a quantum toric variety is probably a quantum
projective line; just a projective line is an equivariant compactification of a
one dimensional complex torus:
CP 1 = C∗ ∪ {0} ∪ {∞},
the analogous statement is true for a quantum projective line (which is then,
in turn, a compactification of a quantum torus):
CP1~ = TC,1,~ ∪ {0} ∪ {∞}.
This example is constructed in full detail in Examples 4.18 and 5.13
below. Enough is to say here that we construct CP1~ with two charts,
both of the form [C/ exp(2ipi~Z)] (which is a partial compactification of
[C∗/ exp(2ipi~Z)]), glued by the attaching map:
[z] ∈ [C∗/ exp(2ipiΓ)] 7−→ [z−1] ∈ [C∗/ exp(2ipi(−Γ))].
Notice that a quantum projective line CP1~ is a compactification of T 2C,~.
You may want to imaginatively think that C (resp. R) is both the Lie algebra
and the universal covering of T 2C,~ (resp. T
2
R,~), and that pi1(T
2
R,~)
∼= Γ,
but this would be off by one dimension (2 6= 1) for the case ~ = 0. The
dimensions may, at first, look confusing to the reader. To clarify this possible
confusion let us mention that:
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i) The ‘naive dimension’ of T 2R,~ seems to be dimT2 − dimE(~) =
2− 1 = 1. This is why we shift to the notation T1,R,~ := T 2R,~ in the
body of the paper.
ii) The ‘homotopy type’ of T 2R,~ is given by the homotopy quotient
T2×E(~)ER which in turn is homotopy equivalent to T2 (for E(~) ∼=
R is contractible), and hence has ‘homotopic-dimension’ two. The
same holds for T 2C,~. This will be reflected in the periodic cyclic
homology of T 2R,~: from the homological point of view, it will look
like a two-dimensional space.
iii) As mentioned above, a quantum projective line CP1~ is a compact-
ification of T 2C,~, and, indeed, it will also have a ‘naive complex
dimension’ of 1 and a ‘homotopic dimension’ of 2. Moreover, we
will describe a complex manifold N~ (known as a LVM-manifold cf.
Section 8 below) together with a foliation F~ (defined in Subsec-
tion 8.5) so that the groupoid (N~,F~) compactifies the Kronecker
groupoid (T2C, E(~)) and the stack CP1~ ∼= [N~/F~] equivariantly
compactifies the stack T 2C,~ := [T2C/E(~)]. The point here is that
the complex dimension of N~ is two (in fact N~ ∼= S1 × S3 is a
complex non-symplectic Hopf surface6), and (in the irrational case)
the leaves of the foliation F~ are all isomorphic to C and hence, are
contractible. In this situation, the fact that CP1~ ∼= [N~/C] explains
both the naive and homotopic dimension countings for this quantum
projective line.
iv) The case of rational ~ (say ~ = 0) requires more care, for here the
leaves of the foliation F~ wind up on themselves and rather than
being copies of C, they become elliptic curves of the form S1 × S1
(indeed, the mapN~ ∼= S1×S3 → [N0/F0] ∼= [N0/S1×S1] ∼= P1 ∼= S2
is the trivial constant map crossed with the Hopf fibration, with fiber
S1 × S1), and then the homotopical dimension of P1 and the naive
complex geometric dimension coincide and are both equal to 1 (of
course). Notice here that the stack CP10 ∼= [N0/C]( [N~/F~] ∼= P1)
still has homotopical dimension equal to two, and we have a fibration
C∗ ' BZ→ CP10 → P1,
that is to say CP10 is a gerbe over P1 with abelian band Z, which
explains the difference of dimensions by 1. We refer to this process
as calibrating P1 to obtain CP10 , the choice of calibration is by no
means unique (cf. Definition 4.9, Subsection 6.1 and Subsection
6.3. Here we are using a standard calibration as in Example 4.18).
In any case, it is easy to recover P1 from CP10 (by forgetting the
gerbe) and vice-versa, CP10 can be naturally constructed from is the
6Hopf manifolds and the more generally, Calabi-Eckmann manifolds, [15] are non-
Ka¨hler manifolds. Topologically they are of the form S2n−1 × S2m−1 and they are defor-
mations of an elliptic, holomorphic fibration E → S2n−1 × S2m−1 → Pn−1 × Pm−1. In
this example we are interested in the Hopf case n = 1, m = 2. Of course, Pn−1 × Pm−1
is a toric variety. The generalization of a Calabi-Eckmann manifold corresponding to a
general toric variety X are the LVM-manifolds as it is proved in [44].
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complex version of the ‘2-fold homotopy cover’ of P1 (the complex
2-fold homotopy cover of S2 is S1 × S3).
v) When (in Section 11), we want to form a moduli space of quantum
lines (more generally, of quantum toric stacks), it is natural to add
the calibration (to be thought of as a gerbe degree of freedom) to
the rational case7. The moduli space of calibrated quantum lines
can be thought of as a desingularization of the naive moduli space
which uses no calibrations (cf. Remark 11.7 below and [14]). Also,
if we want periodic cyclic homology to form a nice bundle over the
moduli space, we will need to use calibrations.
Recall that all the information to reconstruct CP 1 can be combinatorially
encoded by a fan in R1 with three cones: {0}, R+ and R− together with
the integral lattice Z ⊂ R1. Likewise, all we need to reconstruct CP1~ is the
quantum fan consisting of three cones {0}, R+ and R− together with the
q-lattice Γ ⊂ R1.
A general quantum toric stack can be constructed starting from a general
(not necessarily rational) quantum fan (see Figure 2 and Definition 4.1):
such a q-fan carried a q-lattice Γ ⊂ Rd, and therefore defines a q-torus
TC,d,Γ ∼= [Cd/Γ]. The quantum toric stack X∆,Γ,v (cf. Definition 5.8) is an
equivariant compactification of TC,d,Γ given by the data of the quantum fan
(∆, v).
As explained before, we really want to consider the calibrated case (adding
gerbe degrees of freedom). At the level of fans, this is achieved by the
definition of a calibrated quantum fan. The precise description of a calibrated
quantum fan (depicted in Figure 3) is found in Definition 4.9 below. For
now, think of a calibration as a homomorphism h : Zn → Γ. Given such a
calibrated quantum fan, then we define a Calibrated Quantum Toric Stack
in Definition 6.17 and denoted8 by X cal∆,h,J .
The relation between the calibrated Quantum Toric stack X cal∆,h,J and
its un-calibrated version X∆,Γ,v is explained in Proposition 6.20; X
cal
∆,h,J is
a gerbe over X∆,Γ,v with band Za (where a := n − rankZ(Γ)): X cal∆,h,J is
completely determined by a classifying map X∆,Γ,v → BBZ.
One of the main results of this paper is Theorem 6.24: the category of
simplicial calibrated Quantum Toric Stacks Qcal is equivalent to the category
of quantum toric fans Qcal.
The Quantum Geometric Invariant Theory (QGIT) corresponding to quan-
tum toric geometry is specially interesting: we prove that one can indeed
7Here we have a beautiful generalization of what Seiberg and Witten would refer to
as ‘turning on the B-field’ [53]. In [53], the authors show that turning on the B-field
(what we would call ‘considering a gerbe’ over a space) produces an effective action that
in turn, can be interpreted in terms of spacetime becoming non-commutative; to wit,
string theory in the presence of a constant, non-zero B-field, brings about the appearance
of non-commutative tori. Thus, in our case, turning on the gerbe, makes CP10 into a
slightly non-commutative version of P1. For a motivation in terms of mirror symmetry,
see Section 4.8 in [3]
8Here J is a certain crucial piece of combinatorial data the we are omitting altogether
in the introduction but see Definition 4.9 for details.
10 L. KATZARKOV, E. LUPERCIO, L. MEERSSEMAN, AND A. VERJOVSKY
Figure 2. A quantum fan (∆, v) in Γ is very similar to a
classical fan ∆ in toric geometry, but instead of an integral
lattice, it is equipped with a q-lattice Γ (cf. Definition 4.1).
Notice that we must mark the (non-canonical) ‘primitive vec-
tors’ (v1, . . . , vp) (all in Γ) on every ray of the 1-skeleton of
the fan. The fan ∆ no longer needs to be rational.
represent X cal∆,h,J as a global quotient of the form (cf. Theorem 7.6):
X cal∆,h,J
∼= [S /A],
where S is the complement in Cn of a union of coordinate vector subspaces
and the classical torus Tn acts multiplicatively on it with a Zariski dense
orbit (we denote by A this action). Moreover, A actually defines a foliation
on S so that the stackification of the holonomy groupoid of said foliation
is isomorphic to the un-calibrated toric stack X∆,Γ,v (Theorem 7.10).
From the point of view of QGIT, there is a deep and beautiful relation
beetween quantum toric stacks and LVMB theory (see section 8 for def-
initions). Such relation occurs only when n − d is even (cf. Definition
9.2). The reader may want to think for now of a LVMB-manifold (together
with a canonical foliation induced by a holomorphic Cm-action) (N,F) as
a generalization of the Calabi-Eckmann manifolds (and their elliptic folia-
tion induced by a C-action, where C covers the elliptic curve) so that (cf.
Theorem 9.13):
X∆,Γ,v ∼= [N/F ]
and
X cal∆,h,J
∼= [N/Cm].
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Figure 3. A calibrated quantum fan (∆, h) is essentially a
quantum fan plus a calibration, namely, a homomorphism
h : Zn → Γ ‘determining the various Planck lengths of the
quantum system’ (cf. Definition 4.9).
Furthermore, we will show (Theorem 9.19) that the category V ∗LVMB of
LVMB-manifolds is equivalent to the full subcategory Qcaleven of Q
cal whose
objects are calibrated Quantum Toric Stacks associated to an even calibrated
Quantum Fan. To deal with the odd case, we could consider Ishida’s theory
[32]. There, Ishida considers compact complex manifolds M with maximal
real-torus action. Complete toric varieties and LVMB manifolds are exam-
ples of such manifolds. Just like LVMB-manifolds, these manifolds are also
endowed with a canonical holomorphic foliation and the leaf stacks of such
foliations are always Quantum toric stacks, landing sometimes in the case
when n − d is odd (cf. Remark 9.16). In any case, this method provides a
way to interpret QGIT for the odd case. By using Ishida’s results [30], we
can also prove that X∆,Γ,v is Ka¨hler iff ∆ is polytopal, for an appropriate
definition of Khler in this context (Theorem 10.2). In the polytopal case
that has been just considered, the image of the quantum moment map is
described in Subsection 8.4, and the inverse image of a point in the polytope
is a real lagrangian quantum torus.
Unlike classical toric varieties which are rigid (as equivariant toric spaces),
quantum toric stacks admit moduli. In Section 11, the final section of this
paper, we study various moduli spaces, specially the moduli space MD,dtoric
of quantum toric stacks with fixed combinatorial type D (and Γ-complete),
the moduli space MˆD,n,dtoric of calibrated Quantum Toric Stacks (of maxi-
mal length) and fixed combinatorial type D and the moduli space MSm,n
of G-biholomorphism classes of LVMB manifolds (see Figure 4). The main
theorem of this final section is that that all those moduli spaces are real
finite-dimensional orbifolds (cf. Corollary 11.13, Corollary 11.18 and Propo-
sition 11.27). Under certain numerical condition (that of Theorem 11.28),
more is true: MSm,n is a complex orbifold, and there is a ‘twistor bundle
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Figure 4. Moduli spaces of quantum toric stacks: in (A)
we depict the moduli space of quantum projective lines: it
has only one orbifold point with stabilizer Z2 corresponding
to the classical P1 (or equivalently, to its non-commutative
avatar CP10 ); for the case of Pd, see Subsection 11.4. In
(B) we depict a more fanciful representation of the moduli
space MˆD,n,dtoric of calibrated Quantum Toric Stacks with fixed
combinatorial type D: the orbifold points occur whenever
the fan suddenly has more symmetries (cf. Section 11). The
classical toric varieties will land on the rational locus of some
of these moduli spaces.
complexification mapping’:
R(n−d)
2/2 →MSm,n → MˆD,n,dtoric ,
namely,MSm,n is a (sometimes complex) orbibundle of even rank (n− d)2/2
over MˆD,n,dtoric . This immediately implies the homotopy equivalence (a diffeo-
morphism when n = d):
MSm,n ' MˆD,n,dtoric ,
namely, the moduli space MˆD,n,dtoric can be promoted (in the same homotopy
class) to a complex orbifold MSm,n. Let us point out here that there is
an interesting analogy with the classical case of the moduli space of curves
M(g, n) where g is the genus (combinatorial information) and n is a marking
that makes the compactification of the moduli space nicer. Here too, we have
combinatorial information (D, d), and marking information n, making the
moduli space nicer, and even sometimes giving it a complex structure. We
will explore this analogy elsewhere.
Let us finish this introduction by adding some very schematic and cur-
sory remarks regarding future work on the relation of this theory to the
field of mirror symmetry. It is natural to ask for a generalization of Ho-
mological Mirror Symmetry for toric varieties. Classical HMS for ordinary
toric varieties has been proved by Abouzaid [1] using methods from tropical
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geometry. It can be considered as a SYZ (Strominger-Yau-Zaslow) corre-
spondence based on family of Lagrangian tori over a polytope. The methods
of this paper can be used to obtain a quantization of the corresponding La-
grangian tori and of the fan associated to the polytope. It is reasonable to
expect that HMS generalizes to this situation. This could be understood
as a quantum version of the SYZ-correspondance. All the non-commutative
projective spaces of the work of Auroux, Katzarkov and Orlov[3] on mirror
symmetry projective spaces, appear as quantum toric stacks, and that we
expect many of the results of [3] to generalize to our setting. There is a
specially simple and interesting example of an LVM manifold: the classical
Hopf surface S3×S1. As we have discussed earlier, it has a canonical elliptic
foliation that, when deformed, covers all quantum toric projective lines. Us-
ing T -duality for quantum tori, we can understand ‘mirror symmetry’ for the
Hopf surface giving an alternative approach to the one developed by Abigail
Ward in her Harvard PhD thesis. From this point of view it is also natural
to characterize the moduli space of stability conditions for non-commutative
toric varieties considered as triangulated categories (cf. [54, 4, 38, 39, 33]):
we conjecture that they are closely related to the solenoidal spaces as studied
by Sullivan-Verjovsky [55].
The previous program seems to beg a solution to the question as to the
correct formulation of an algebraic geometry (the so called B-side) that al-
lows one to define the adequate categories associated to a quantum toric
stack. Two puzzles must be met: first, the stacks constructed in this paper
are far from being algebraic, and second, even in the Ka¨hler case, they are
constructed starting from non-symplectic manifolds such as the Hopf sur-
face. All the difficulties can be resolved simultaneously by the introduction
of a version of algebraic geometry that occurs in a fixed non-standard ex-
tension of the complex numbers. We have investigated and introduced such
‘chimeric algebraic geometry’ in a series of works [40, 34] (cf. [26], [27],[37]).
Then, the theory offered in [34] solves the issue of constructing the desired
B-side for the mirror symmetry program, on the other hand, the symplectic
geometry needed for the A-side remains an outstading question requiring
further analysis. We will return to this issue elsewhere.
Finally, the theory we present here is, as we said before, a wide ranging
generalization of toric geometry. There were earlier approaches generalizaing
toric geometry in a number of ways, and they are in various ways related to
our theory. Let us simply refer the reader to some of the most relevant works
in this direction: Battaglia-Prato [5], Battaglia-Zaffran [6], Bressler-Lunts
[13], Firat Pir [24], Ford [25], Postinghel-Sottile [48], and Ratiu-Zung [51].
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2. Conventions on Stacks
In this section, we fix some notations and conventions on the stacks that
will be used in the paper. These include all the Quantum Toric Stacks and
all calibrated Quantum Toric Stacks; however, the orbifolds of Section 11
are not instances of what follows; they are briefly defined in Remark 11.14.
Remark 2.1. This section can be skipped by readers that are not familiar
with the theory of stacks. Such a reader can think of a stack as a ‘manifold
whose charts are not one-to-one’ very similar to orbifolds. All our stacks will
have local charts of the form V → V/G where the local group G is discrete
and abelian (not quite finite, as in the case of orbifolds). Nevertheless a
warning is in order: for most quantum toric varieties, the quotient of a local
chart V/G will not be Hausdorff much like in the theory of quasifolds [50];
still, we use the theory of stacks for we need the whole machinery of mor-
phisms of stacks, fibered products, etc. in our development. Surprisingly, we
could have used all the required machinery using the theory of diffeological
spaces [29] to model our quantum toric manifolds as it is shown on [8] (but
the morphisms would still be a bit off). In any case, we prefer the more
standard use of stacks presented here.
We take as base category the category A of affine toric varieties and toric
morphisms. We take for covering of an affine toric variety T a decomposition
T = T1 ∪ · · · ∪Tn into toric Zariski open subsets of T . With these coverings,
A is a site.
We will also need the category G of complex analytic spaces X endowed
with a holomorphic action of a complex abelian Lie group G with a Zariski
open orbit isomorphic to G. Morphisms are equivariant holomorphic map-
pings that restrict to Lie group morphisms. Observe that A is a subcategory
of G.
By a cover of T of A, we mean an object T˜ of G endowed with a free and
proper holomorphic action of a discrete abelian group H whose quotient is
T . Hence p : T˜ → T is an unramified analytic cover of T . Moreover, p is
equivariant, that is, belongs to G since the abelian H-action commutes with
the abelian G-action.
If H is a non-discrete complex abelian Lie group acting freely and properly
on T˜ with quotient T , then p : T˜ → T is an equivariant principal H-bundle
and we rather speak of a principal bundle over T .
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Quantum Toric Stacks are of the form [X/H] with X ∈ G and H a
discrete abelian group or a complex abelian Lie group, or are descent data
of such [X/H], cf. Section 5. To be more precise, we consider the category
[X/H] whose objects are covers T˜ over a space T ∈ A with an equivariant
holomorphic map m
(2.1)
T˜ X
T
m
Here m is assumed to be equivariant with respect to both the H-action and
the G-action.
The morphisms are
(2.2)
X
T˜ S˜
T S
m
n
The following proposition is enough for our purposes.
Proposition 2.2. The functor [X/H] → A sending (T˜ , T,m) onto T ; and
(T˜ → S˜, T → S,m, n) onto T → S is a stack over A.
Proof. We must check that pull-backs exist and are unique up to unique
isomorphism, that isomorphisms form a sheaf and that descent data are
effective.
Given a cartesian diagram
(2.3)
Tf ×p S˜ S˜
T S
p
f
its restriction to the Zariski open orbits is
(2.4)
(C∗)af ×p G G
(C∗)a (C∗)b
p
f
with a, respectively b, the dimension of T , resp. S. Now, (C∗)af ×p G is a
complex Lie abelian group, with the following law
(2.5) (w, g) · (w′, g′) = (w · w′, g · g′)
which is well defined since f(w ·w′) = f(w) · f(w′) = p(g) · p(g′) = p(g · g′).
But (2.5) extends as an equivariant holomorphic action of (C∗)af ×p G on
Tf ×p S˜. It has obviously a Zariski open orbit isomorphic to (C∗)af ×p G
and all the arrows of (2.3) are equivariant. Thus pull-back exist and it is
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straightforward to check that they are unique up to unique isomorphisms of
G.
The last two points (isomorphisms form a sheaf and descent data are
effective) are routine checking and we leave their verification to the reader.

The choice of A as base category reflects the fact that we consider Quan-
tum Toric Stacks as a generalization of classical toric varieties. The choice
of equivariant covers reflects the fact that we only deal with equivariant
properties of these geometric objects. Of course, other choices - as taking G
or taking the category of analytic spaces as base category, using equivariant
covers or not - may have their interest and should be developed to look for
different flavours of the construction.
We finish this section with a warning.
Warning 2.3. Quantum Toric Stacks are not algebraic stacks. Many of
them have stabilizers equal to some power of Z. And even when it is not
the case, the intensive and fundamental role played by the exponential map
E defined in (3.11) prevents them from being algebraic.
However, since Quantum Toric Stacks have an atlas which is an analytic
space, cf. Corollaries 7.11 and 7.9, they are analytic in the sense of [43,
§2.4].
3. Quantum Tori
In this section, we define the Quantum Tori which sit inside Quantum
Toric Varieties. They are complex analogues of T iR,~ but the precise rela-
tionship is not investigated here but in Section 11, see Theorem 11.4.
3.1. Quantum Torus associated to an additive subgroup of Rd. In
classical toric geometry, there is a single complex torus Td := TdC once the
dimension d is fixed. In a more intrinsic presentation, for any lattice Γ
that spans Rd over the reals, is associated a torus Hom (Γˇ,C∗), but all are
isomorphic to Td.
In Quantum Toric Geometry, things are different since Γ is no more a
lattice but any finitely generated additive subgroup of some Rd spanning it
over the reals (a q-lattice). Then we define,
Definition 3.1. The quantum torus associated to Γ is the quotient stack
[Cd/Γ]. We denote it by Td,Γ.
Example 3.2. Let d = 1 and define Γ as the subgroup of (R,+) generated
by 1 and
√
2. Since
√
2 is irrational, it is dense in R. It acts freely on R
by translation but this action is not proper and the topological quotient is
not Hausdorff. Indeed, for any pair of real numbers x, y, since y − x is an
accumulation point of Γ, the images of x and y are not separated.
It follows that the associated quantum torus [C/Γ] is not a manifold and
stack language is needed to handle it as a complex ”space”.
Hence Td,Γ = [Cd/Γ] has to be understood more formally as a category
fibered in groupoids Td,Γ → A, as in Section 2.
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Objects of Td,Γ are Γ-covers T over a space A ∈ A with an equivariant
holomorphic map m in Cd
(3.1)
T Cd
A
m
and morphisms
(3.2)
Cd
T S
A B
m
n
The functor Td,Γ → A sends (T,A,m) onto A; and (T → S,A → B,m, n)
onto A→ B.
If L is a linear map from Rd to Rd′ that sends Γ onto Γ′, then its extension
over the complex numbers obviously descends as a stack morphism from
Td,Γ onto Td′,Γ′ .
(3.3)
Rd Rd′
Cd Cd′
Td,Γ Td′,Γ′
L
L
L
We take this as definition of toric morphism. Hence,
Definition 3.3. A torus morphism L from Td,Γ onto Td′,Γ′ is a stack mor-
phism such that there exists a linear map L from Rd to Rd′ sending Γ to Γ′
and satisfying (3.3).
To wit, given T → A a Γ-cover, set
(3.4) T ×L Γ′ := {(t, γ′) ∈ T × Γ′}/Γ
for the following action of Γ
(3.5) γ · (t, γ′) = (γ · t, γ′ − Lγ)
Let also
(3.6) [(t, γ′)] 7−→ m′[(t, γ′)] := Lm(t) + γ′
which is well-defined since
Lm(γ · t, γ′ − Lγ) = Lm(γ · t) + γ′ − Lγ
= Lm(t) + Lγ + γ′ − Lγ
= Lm(t) + γ′
Given f : T → S a morphism of Γ-cover, over A→ B, we define
(3.7) [(t, γ′)] ∈ T ×L Γ′ 7−→ fL([(t, γ′)] := [(f(t), γ′)]) ∈ S ×L Γ′
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and, if m, resp. n, is the equivariant map associated to T → A, resp. S → B,
so that m = n ◦ f , we have
n′ ◦ fL([(t, γ′)]) = n′([f(t), γ′])
= Ln(f(t)) + γ′
= Lm(t) + γ′
= m′([t, γ′])
So we finally have
(3.8) L (T,A,m) = (T ×L Γ′, A,m′)
and
(3.9)
L (f : T → S,A→ B,m, n) = (fL : T ×L Γ′ → S ×L Γ′,
A→ B,m′, n′)
Since Vect Γ is the whole Cd, there exists a basis of Cd formed by vectors
(v1, . . . , vd) of Γ. We may assume that is such a basis. There exists some
linear isomorphism L of Cd sending (v1, . . . , vd) onto the canonical basis
(e1, . . . , ed). It defines a torus isomorphism between Td,Γ and Td,LΓ.
So, defining
Definition 3.4. Let (e1, . . . , ed) be the canonical basis of Rd. We say that
Γ is standard if it contains the standard lattice
⊕d
i=1 Zei.
We say that Td,Γ is standard if Γ is standard.
We just proved
Lemma 3.5. Any quantum torus is isomorphic to a standard quantum
torus.
If Γ is standard, we may decompose it as
(3.10) Γ = Zd + Γ0
Define
(3.11) x ∈ Rd ⊂ Cd 7−→ E(x) := (e2ipix1 , . . . , e2ipixd) ∈ (S1)d ⊂ Td
Then we may put a standard Td,Γ in multiplicative form as the quotient
stack [Td/E(Γ)] where E(Γ) = E(Γ0) acts multiplicatively on Td. We have
a commutative diagram
(3.12)
Cd Td
Td,Γ [Td/E(Γ)]
E
'
In a more functorial point of view, E defines a stack isomorphism E from
Td,Γ to [Td/E(Γ0)] such that
E (T,A,m) = (T/Zd, A,Em)
QUANTUM (NON-COMMUTATIVE) TORIC GEOMETRY: FOUNDATIONS 19
with Zd acts on T as a subgroup of Γ and with
T Cd
T/Zd Td
A
m
E
Em
and
E (f : T → S,A→ B,m, n) = (f : T/Zd → S/Zd, A→ B,Em,En)
where f descends as a morphism from T/Zd to S/Zd since it satisfies by
definition f(p · t) = p · f(t) for all p ∈ Γ.
Example 3.6. Let d = 1 and Γ be generated by 1 and
√
2 as in Example
3.2. Consider the linear map
z ∈ C 7−→
√
2 · z ∈ C
It sends 1 onto
√
2 and
√
2 onto 2 hence it preserves Γ. So it descends as
the torus morphism
[z] ∈ [C/Γ] 7−→ [
√
2z] ∈ [C/Γ]
or, in multiplicative form,
(3.13) [w] ∈ [T/E(Γ)] 7−→ [w
√
2] ∈ [T/E(Γ)]
This must be understood as follows. Given w ∈ T, choose z ∈ C with
E(z) = w. Then compute E(z
√
2). Of course, z is unique only up to
addition of an integer, and for p ∈ Z∗, the complex number E((z+ p)√2) is
different from E(z
√
2). Hence there is no well defined mapping w → w
√
2.
However, E(p
√
2) belongs to E(Γ) so (3.13) is well defined.
Remark 3.7. It is important to notice that a torus morphism L does not
always lift as a mapping from Td to Td′ , as shown in Example 3.6. This will
be a source of problem when defining toric morphisms in Section 5.
3.2. Calibrated Quantum Tori. We define now calibrated quantum tori.
To do this, we need to fix, in addition to Γ, a set of generators of Γ. More
precisely, we set
Definition 3.8. A calibration of Γ is given by
i) An epimorphism h : Zn → Γ
ii) A subset J ⊂ {1, . . . , n} such that
(3.14) Vect{h(ei) | i 6∈ J} = Cd
The subset J is called the set of virtual generators. It may be empty as
in the following important example.
Example 3.9. The trivial calibration of the standard torus. Let Γ
be Zn, so that Tn,Γ is just Tn. The trivial calibration of Tn is h = Id. Note
that it forces the set of virtual generators to be empty.
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Now we set
Definition 3.10. The calibrated quantum torus associated to h : Zn → Γ
is the quotient stack [Cd/Zn] where Zn acts through (z, p) 7→ z + h(p). We
denote it by T calh,J .
Objects of T calh,J are Zn-covers T over a space A ∈ A with an equivariant
map m in Cd
(3.15)
T Cd
A
mcal
and morphisms
(3.16)
Cd
T S
A B
mcal
ncal
The functor T calh,J → A sends (T,A,mcal) onto A; and (T → S,A →
B,mcal, ncal) onto A→ B.
If L is a linear map from Rd to Rd′ that sends Γ onto Γ′ and induces a toric
morphism, then its extension over the complex numbers does not define a
stack morphism from T calh,J onto T
cal
h′,J ′ . We need an extra morphism H from
Zn to Zn′ such that the following diagram is commutative.
(3.17)
Zn Zn′
Γ Γ′
H
h h′
L
Now the map z ∈ Cd 7→ Lz ∈ Cd′ satisfies
(3.18) L(z + h(p)) = Lz + h′(H(p))
and descends as a stack morphism L cal from T calh,J onto T
cal
h′,J ′ so we have
(3.19)
Rd Rd′
Cd Cd
T calh,J T
cal
h′,J ′
L
L
L cal
Now, we will ask H to preserve the virtual generators, that is, we both
impose that there exists a map s between the sets of virtual generators J
and J ′ such that H satisfies
(3.20) H(ei) = es(i) for i ∈ J
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and that H satisfies
(3.21) H(ei) ∈
⊕
j 6∈J ′
Zej for i 6∈ J
So finally, we define
Definition 3.11. A calibrated torus morphism L cal from T calh,J onto T
cal
h′,J ′
is a stack morphism such that there exists a linear map L from Rd to Rd′ ,
a linear map H from Rn to Rn′ and a map s from J to J ′ satisfying (3.17),
(3.18), (3.19) as well as (3.20) and finally (3.21).
It is a isomorphism if the three of L, H and s are isomorphisms. And it is
a marked isomorphism if, moreover, J is equal to J ′ and s is the identity.
To wit, given T → A a Zn-cover, set
(3.22) T ×H Zn′ := {(t, q′) ∈ T × Zn′}/Zn
for the following action of Zn
(3.23) p · (t, q′) = (p · t, q′ −H(p))
Let also
(3.24) [(t, q′)] 7−→ (mcal)′[(t, q′)] := Lmcal(t) + h′(q′)
which is well-defined since
Lmcal(p · t, q′ −H(p)) = Lmcal(p · t) + h′(q′)− h′H(p)
= Lmcal(t) + Lh(p) + h′(q′)− h′H(p)
= Lmcal(t) + h′(q′) since Lh = h′H
Given f : T → S a morphism of Zn-cover, over A→ B, we define
(3.25) [(t, q′)] ∈ T ×H Zn′ 7−→ fH([(t, q′)] := [(f(t), q′)]) ∈ S ×H Zn′
and, if mcal, resp. ncal, is the equivariant map associated to T → A, resp.
S → B, so that mcal = ncal ◦ f , we have
(ncal)′ ◦ fH([(t, q′)]) = Lncal(f(t)) + h′(q′) =
Lmcal(t) + h′(q′)
=(mcal)′([t, q′])
So we finally have
(3.26) L cal(T,A,mcal) = (T ×H Zn′ , A, (mcal)′)
and
(3.27)
L cal(f : T → S,A→ B,mcal, ncal) = (fH : T ×H Zn′
→ S ×H Zn′ , A→ B, (mcal)′, (ncal)′)
By (3.14), there exists a basis of Cd formed by vectors h(ei) with i 6∈
J . We may assume that (h(e1), . . . , h(ed)) is such a basis. We also may
assume that J is given by {n − |J | + 1, . . . , n}. Otherwise, there exists a
permutation of {1, . . . n} with those properties. Let H denote the matrix
corresponding to this permutation and let s be the induced set mapping
between J and {n − |J | + 1, . . . , n}. Then (Id,H, s) defines a calibrated
torus isomorphism between T calh,J and T
cal
Γ,hH−1 and we may replace h with
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hH−1. In the same way, there exists some linear isomorphism L of Cd
sending hH−1(e1), . . . , hH−1(ed) onto the canonical basis (e1, . . . , ed). With
H = Id and s = Id, it defines a calibrated torus isomorphism between
T calΓ,hH−1 and T
cal
LΓ,LhH−1 .
So, defining
Definition 3.12. Let (e1, . . . , en), resp. (e1, . . . , ed) be the canonical basis
of Rn, resp. Rd. We say that the calibration h : Zn → Γ is standard if
i) h(ei) = ei for i between 1 and d.
ii) The set of virtual generators is {n− |J |+ 1, . . . , n}.
We just proved
Lemma 3.13. Any calibrated quantum torus is isomorphic to one stan-
dardly calibrated.
If h is standard, we may decompose it as
(3.28) (p, q) ∈ Zd × Zn−d 7−→ p+ ~(q) ∈ Γ
This allows us to describe easily the multiplicative form of T calh,J as the
quotient stack [Td/Zn−d] where p ∈ Zn−d acts multiplicatively on w ∈ Td
through the formula wE(~(p)) (which means that each coordinate of w is
multiplied by the corresponding coordinate of E(~(p))). We have a commu-
tative diagram
(3.29)
Cd Td
T calh,J [Td/Zn−d]
E
'
In a more functorial point of view, E defines a stack isomorphism E cal
from TΓ,h to [Td/Zn−d] such that
E cal(T,A,mcal) = (T/Zd, A,Emcal)
with p ∈ Zd acting on t as (p, 0) ∈ Zd × Zn−d = Zn on t and with
T Cd
T/Zd Td
A
mcal
E
Emcal
and
E cal(f : T → S,A→ B,mcal, ncal) = (f : T/Zd → S/Zd,
A→ B,Emcal, Encal)
where f descends as a morphism from T/Zd to S/Zd since it satisfies by
definition f(p · t) = p · f(t) for all p ∈ Zn.
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Example 3.14. As in Example 3.6, let d = 1 and Γ be generated by 1 and√
2 and let L be the linear map z 7→ z√2. Consider the calibration
(x, y, z) ∈ R3 7−→ x+ y
√
2 ∈ R
with set of virtual generators {3}. We have
L(z + h(p)) = Lz + h(2p2, p1, p3)
hence, setting H(x, y, z) = (2y, x, z), we obtain a calibrated torus morphism
[z] ∈ [C/Z3] 7−→ [
√
2z] ∈ [C/Z3]
or, in multiplicative form,
[w] ∈ [T/Z2] 7−→ [w
√
2] ∈ [T/Z2]
However, if we use the calibration
(x, y, z) ∈ R3 7−→ x+ y
√
2 + z ∈ R
an easy computation proves that there is no calibrated torus morphism
corresponding to L, for the requirement that H fixes the virtual generator
gives a contradiction.
4. The category of Quantum Fans
In this Section, we describe the Quantum Fans, that is the combinatorial
data needed to construct Quantum Toric Stacks. In what follows we will
refer to Quantum Toric Stacks shortly as Quantum Torics.
4.1. Quantum Fans. Let Γ ⊂ Rd be a finitely generated additive subgroup
such that VectRΓ = Rd.
Definition 4.1. A Quantum Fan (∆, v) in Γ consists of
i) A collection ∆ of strongly convex cones in Γ such that every inter-
section of cones is a cone, every face of a cone is a cone and 0 is a
cone.
ii) The choice, for every 1-cone of ∆ of a generating vector vi ∈ Γ\{0}.
We set v = (v1, . . . , vp). If σ is the cone generated by (vi1 , . . . vik), we use
the notation σ = 〈i1 . . . ik〉.
Remarks 4.2. To compare with known cases, observe that
i) The case of classical Toric Fans corresponds to the case Γ discrete
and vi the unique primitive vector of Γ generating the corresponding
1-cone. Here the data v is completely determined by ∆.
ii) The case of Orbifold Toric Fans (stacky Fans of [9]) corresponds to
the case Γ discrete and ∆ simplicial. Here vi is not assumed to be
primitive so choosing v means choosing a positive multiple of each
primitive generator.
Definition 4.3. We say that a Quantum Fan (∆, v) in Γ is
i) irrational if Γ is not discrete in Rd
ii) simplicial if every cone of ∆ is a cone over a simplex
iii) complete if the union of all cones of ∆ cover Rd entirely
iv) Γ-complete if Γ = Zv1 + . . .+ Zvp.
24 L. KATZARKOV, E. LUPERCIO, L. MEERSSEMAN, AND A. VERJOVSKY
v) polytopal if there exists a convex polytope P with vertices in Γ such that
∆ is the fan over the faces of P .
Notice that only points i) and iv) are specific to Quantum Fans. We define
now morphisms of Quantum Fans.
Definition 4.4. A morphism of Quantum Fans between (∆, v) in Γ and
(∆′, v′) in Γ′ is a linear map
(4.1) L : Rd −→ Rd′
such that
i) L(Γ) ⊂ Γ′.
ii) If σ is a cone of ∆ then L(σ) ⊆ σ′ for some cone σ′ of ∆′.
iii) For each i and each σ′ = 〈j1 . . . jk〉 such that L(vi) ⊆ σ′; then L(vi)
is a N-linear combination of (v′j1 , . . . , v
′
jk
).
Remarks 4.5. Observe that
i) For ordinary fans, that is Γ discrete and vi primitive generators, then
point iii) is automatically satisfied.
ii) For stacky fans, definition 4.4 coincides with that of [9, Remark 4.5].
The following characterization of isomorphisms will be useful.
Lemma 4.6. Let L be a Quantum Fan morphism between (∆, v) and (∆′, v′).
The following two statements are equivalent
i) L is a Quantum Fan isomorphism.
ii) L is a linear isomorphism, L(Γ) = Γ′, both Quantum Fans have
the same number of 1-cones, say p, and L sends (v1, . . . , vp) onto a
permutation of (v′1, . . . , v′p).
Proof. Assume i). From the definition, if L is an isomorphism of Quantum
Fans then it is a linear isomorphism, L(Γ) = Γ′ and L(σ) = σ′ in point ii).
In particular, L(vi) is a positive multiple of some v
′
i′ . Point iii) in definition
4.4 shows that it is a positive integer multiple, with integer inverse. Hence,
for all i, we have that L(vi) is equal to some v
′
i′ proving ii). The converse is
obvious. 
Especially, observe that every quantum fan with Vect(v1, . . . , vp) = Rd is
isomorphic to one satisfying
i) Zd ⊂ Γ.
ii) (v1, . . . , vd) is the canonical basis of Rd.
If Vect(v1, . . . , vp) has dimension l < d, it is isomorphic to a Quantum Fan
satisfying
i) Zl × {0} ⊂ Γ.
ii) (v1, . . . , vl) is the canonical basis of Rl × {0} ⊂ Rd.
Definition 4.7. We call standard a Quantum Fan satisfying the previous
normalization conditions.
Quantum Fans and their morphisms form a category that we denote by
Q.
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Example 4.8. Consider the Γ-complete and complete standard Quantum
Fan of R2 generated by
v1 = e1 v2 = e2 v3 = ae1 + be2
with a < 0 and b < 0. For a = b = −1, this is exactly the fan of the classical
P2.
We call such a fan a Γ-complete quantum deformation of P2’s fan.
4.2. Calibrated Quantum Fans. We now introduce the finer notion of
calibrated quantum fan.
Definition 4.9. A calibrated Quantum Fan (∆, h) in Γ consists of
i) A collection ∆ of strongly convex cones in Γ such that every inter-
section of cones is a cone, every face of a cone is a cone and 0 is a
cone.
ii) A calibration h : Zn → Γ with its set J of virtual generators (see
Definition 3.8).
iii) A set of generators, that is a subset I = {i1, . . . , ip} in {1, . . . , n}
which is disjoint from J and such that the 1-cones generated by
h(eik) for k = 1, . . . , p are exactly the 1-cones of ∆
The length l of the calibrated Quantum Fan (∆, h) is defined as the nonneg-
ative quantity |J |. It is maximal if equal to n− p.
We immediately see that (∆, h) determines canonically a Quantum Fan
(∆, v) by setting v = (h(ei1), . . . , h(eip)). However, it contains strictly more
information than a quantum fan as soon as J is not empty, as we shall see
in Section 6.
Indeed, one usually goes the other way round. Starting with a Quantum
Fan, we calibrate it by choosing an epimorphism h and a set of virtual
generators. The following two cases are important.
Example 4.10. The Trivial calibration of a Γ-complete fan. Let ∆
be a Γ-complete fan in Γ ⊂ Rd with 1-cone generators v1, . . . vp. Since it is
Γ-complete, we can calibrate it with h : Zp → Γ by setting h(ei) = vi for
i = 1, . . . , p. This forces the set of virtual cones to be empty.
A calibrated quantum fan also determines a fan in the standard lattice
Zn as follows. Let
(4.2) ij ∈ I 7−→ ı(j) := j ∈ {1, ...p}
Given σ = 〈j1, . . . , jk〉 a cone of ∆, we consider the cone ı∗σ in Zn ⊂ Rn
generated by ı−1(j1), . . . , ı−1(jk). When σ runs over the cones of ∆, it
describes a classical fan (∆h, eI) in the lattice of integer points of Rn.
Example 4.11. Canonical calibration of (∆h, eI). Since the 1-cone
generators of (∆h, eI) are vectors of the canonical basis of Rn, it can trivially
calibrated by the identity as in Example 3.9. And we can take J as subset
of virtual generators. We denote this calibrated fan by (∆h, Id) and call its
calibration the canonical calibration of (∆h, eI).
Remark 4.12. Observe that ı∗ realizes an order preserving bijection from
the cones of ∆ to the cones of ∆h. We denote by ı∗ its inverse, which is also
order preserving.
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Let us now define morphism of calibrated Quantum Fans.
Definition 4.13. A morphism of calibrated Quantum Fans between (∆, h)
in Γ and (∆′, h′) in Γ′ is a pair (L,H), where
i) L is a morphism between the associated Quantum Fans (∆, v) and
(∆′, v′).
ii) H is a morphism between the associated fans (∆h, eI) and (∆
′
h′ , eI′).
iii) We have L ◦ h = h′ ◦H.
iv) Each ei for i 6∈ J is sent through H onto a Z-linear combination of
(ei)i 6∈J ′ .
v) There exists a map s from J to J ′ such that H sends every vector ei
with i ∈ J onto es(i).
It is an isomorphism if the three of L, H and s are isomorphisms. And it is
a marked isomorphism if moreover J is equal to J ′ and s is the identity.
The last requirement implies that H sends the set of virtual generators of
(∆, h) into the same set for (∆′, h′). So we have to think of these vectors as
marked vectors. Observe also that the fourth requirement is automatic for
ei being generator of a 1-cone since H is a toric morphism (and indeed as
a N-linear combination); so it really concerns those ei with i 6∈ J which are
not generators of 1-cones. It agrees with definition 3.11 and implies that H
splits as
H =
(
H1 0
0 H2
)
with H1, respectively H2, a |J¯ | square matrix, resp. a |J | square matrix.
Notice also that, with this definition, H acts on the cones of ∆h exactly
as L acts on the cones of ∆. To wit,
Lemma 4.14. Let (L,H) be a morphism of calibrated Quantum Fans be-
tween (∆, h) in Γ and (∆′, h′) in Γ′. Let σ, resp. σ′, be a cone of ∆, resp.
∆′. Let ı∗σ, resp. (ı′)∗σ′, be the cone of ∆h, resp. ∆h′, associated through
(4.2). Then,
Lσ ⊂ σ′ ⇐⇒ Hı∗σ ⊂ (ı′)∗σ′
Proof. Use
Lσ = Lhı∗σ = h′Hı∗σ
If Hı∗σ ⊂ (ı′)∗σ′, then, applying h′ to the previous relation, we obtain
Lσ ⊂ σ′.
Conversely, assume Lσ ⊂ σ′. Still by the previous relation, we obtain
h′Hı∗σ = Lσ ⊂ σ′ = h′(ı′)∗σ′
By construction, h′ realizes a bijection between the cones of ∆h and those
of ∆. Hence we conclude Hı∗σ ⊂ (ı′)∗σ′. 
The next lemma shows that h induces a Quantum Fan morphism between
(∆h, Id) and (∆, h).
Lemma 4.15. Let (∆, h) be a calibrated Quantum Fan and let (∆h, Id)
be the associated trivially calibrated fan. Then (h, Id) is a Quantum Fan
morphism from (∆h, Id) to (∆, h).
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Proof. The proof is straightforward. Firstly, h sends ∆h onto ∆ by defi-
nition. Secondly, the identity is obviously a fan isomorphism of (∆h, Id).
Thirdly, the following diagram commutes
(4.3)
Zn Zn
Zn Γ
Id
Id h
h
Fourthly, the set of virtual vectors of ∆h is empty, so there is nothing to
check in points iv) and v) of Definition 4.13. 
For later use, we note that (L,H) induces a homomorphism K between
the kernel Ξ of h and the kernel Ξ′ of h′ such that the following diagram is
commutative
(4.4)
0 Ξ Zn Γ 0
0 Ξ′ Zn′ Γ′ 0
K
h
H L
h′
We also give a characterization of isomorphisms in the maximal length
case.
Lemma 4.16. The following two statements are equivalent
i) (L,H) is an isomorphism between the maximal calibrated Quantum
Fans (∆, h) and (∆′, h′).
ii) L is a Quantum Fan isomorphism and H is a block permutation ma-
trix that permutes both {ei1 , . . . , eip} and {ej1 , . . . , ejn−p}. In partic-
ular, L sends the 1-cones generators (v1, . . . , vp) onto a permutation
of (v′1, . . . , v′p) and the virtual generators (h(ej1), . . . , h(ejn−p)) onto
a permutation of (h′(ej′1), . . . , h
′(ej′n−p)).
Moreover, (L,H) is a marked isomorphism if and only if in addition J = J ′
and the permutation induced by H on (h(ej1), . . . , h(ejn−p)) is the identity.
Proof. Assume i). From the definition, (L,H) is an isomorphism implies that
L is a Quantum Fan isomorphism and thatH is an isomorphism. Hence s is a
permutation. Moreover, from Lemma 4.6, we have L induces a permutation
of (v1, . . . , vp) so we are done. The converse is obvious, as well as the marked
case. 
As in the proof of Lemma 3.13, by a permutation H in Rn and a linear
change of coordinates L in Rd, we may assume that J is given by the last
|J | elements of {1, . . . , n} and that h is in standard form (3.28). To be more
precise, this linear change of coordinates L straighten a basis B of Rd formed
by vectors h(ei) with i 6∈ J onto the canonical basis. Let k be the dimension
of the vector subspace of Rd generated by v1, . . . , vp. Say for simplicity in the
notations that v1, . . . , vk form a basis of this subspace. We may take as first
k vectors of B the 1-cones generators v1, . . . , vk. Hence, through (L,H), we
put both h and ∆ standard. Finally, performing another permutation of Rn
if necessary, we may assume that I is sent to {1, . . . , k, d+ 1, . . . , d+ p− k}.
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Summing up, we just show that (∆, h) is isomorphic to a calibrated Quan-
tum Fan satisfying
i) The calibration h is standard.
ii) The induced fan (∆, v) is standard.
iii) The set of generators I is {1, . . . , k, d+ 1, . . . , d+ p− k}.
and we define
Definition 4.17. We call standard a calibrated fan satisfying the previous
normalization conditions.
We say that (∆, h) is simplicial (resp. irrational, ... see Definition 4.3) if
the underlying (∆, v) is simplicial (resp. irrational, ...). Calibrated Quantum
Fans and their morphisms form a category that we denote by Qcal.
We finish with some examples of (calibrated) Quantum Fans and mor-
phisms.
Example 4.18. Let
(4.5) v1 = 1 v2 = −1
and
(4.6) ∆ = {0,R+ · v1,R+ · v2}
Let a ∈ R and let finally
(4.7) Γ = Z+ aZ
This is a standard Quantum Fan. We can calibrate it by defining
(x, y, z) ∈ Z3 7−→ ha(x, y, z) := x− y + az ∈ Γ
and J = {3}. Note that I = {1, 2}, thus the fan is maximal. There are only
two isomorphisms of (∆, v): the identity Id and −Id. However −Id is not
always an isomorphism of (∆, ha). Setting
(4.8) H(e1) = e2 H(e2) = e1 H(e3) = e3
(there is no other possible choice following Lemma 4.16), we need the com-
mutation property haH = Lha. This only occurs if a is zero. In that case,
(−Id,H) is an isomorphism of (∆, h0).
More generally, (−Id,H) with H as in (4.8) is an isomorphism from
(∆, ha) to (∆, h−a).
Example 4.19. Consider a Γ-complete quantum deformation of the P2’s
fan as in Example 4.8. Its trivial calibration is given by
(4.9) h(x, y, z) = (x+ az, y + bz)
Note that the trivial calibration is in standard form because we calibrated
a standard fan.
Example 4.20. Consider the calibrated Quantum Fan in R2 with canonical
basis (e1, e2)
v1 = e1 v2 = e2 v3 = −e1 − e2 w = xe1 + ye2
with x and y arbitrary real numbers. Here we denote by ∆2 the complete
fan generated by v1, v2, v3, Γ is generated by v1, v2, v3 and w, and h : Z4 → Γ
is defined through h(ei) = vi and h(e4) = w. We assume it is maximal.
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We look for morphisms (L,H) from the calibrated fan (∆, ha) of example
4.18 to (∆2, h). Starting with L being a matrix
t(α, β), we see from point iii)
of Definition 4.4 that α and β are integers. Then, H must send the virtual
generator e3 onto the virtual generator e4. Through the equality hH = Lha,
this yields x = aα and y = aβ. Since α and β are integers, we obtain that
there exists such a morphism (L,H) if and only if x ∈ Za and y ∈ Za.
Assume this condition is fulfilled. Then there are two cases for L. Either a
and thus x and y are zero and L may take any integer entries. Observe that
this is the classical case, i.e. both fans are classical fans. Or a is not zero,
so α and β are fixed by the previous condition.
We have now to determine H. Assume α and β are nonnegative and α ≥ β.
Then L sends R+ · e1 into the cone 〈1, 2〉 and R+ · (−e1) into the cone
〈2, 3〉, hence H(e1), respectively H(e2) is a linear combination of e1, e2,
resp. e2 and e3, with nonnegative integer coefficients. From this data, a
straightforward computation shows that the unique admissible H have the
form
H =

α 0 0
β α− β 0
0 α 0
0 0 1

So, we finally get that there exists a morphism (L,H) from (∆, ha) to (∆2, h)
if and only if x = aα and y = aβ. Moreover, if in addition a = 0, there exists
a unique morphism (L,H) for each choice of (α, β) in Z2; and if a is not
zero, there exists a unique morphism (L,H). The other cases (β ≥ α ≥ 0
and so on) are treated similarly.
5. The definition (atlas) of Quantum Toric Varieties
In this section, we give an explicit description of a Quantum Toric Variety
associated to a simplicial Quantum Fan as a stack over affine toric varieties.
Geometrically a quantum toric variety has local charts modelled onto the
quotient of Cd by a discrete group, and with gluings given by monomials
with possibly irrational exponents, that is, is a quasifold, as introduced in
[49] and [5].
However, to work with such an object, it is necessary to give a more
functorial description of it. In the same way that orbifolds are functorially
described as Deligne-Mumford stacks, we replace the quasifold type descrip-
tion with a stack construction.
Recall Section 2. Every (classical) toric variety is a stack over A and is
indeed characterized by a descent data of affine toric varieties. For example,
the standard P1 is obtained by gluing two copies of the affine toric variety C
over C∗ through the map z → 1/z. As a stack over A, it may be presented
as the following descent data of affine toric varieties.
An object over T ∈ A is a pair ( T1 Cm1 , T2 Cm2 ) such that
i) T = T1 ∪ T2 is a covering of T .
ii) We have m1(T1 ∩ T2) = m2(T1 ∩ T2) = C∗.
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iii) The following diagram commutes
T1 ∩ T2 C∗
C∗
m1
m2
z 7→1/z
And a morphism above T S
f
between ( T1 C
m1 , T2 C
m2 )
and ( S1 C
n1 , S2 C
n2 ) must satisfy ni ◦ fi = mi for i = 1, 2.
Of course, this is isomorphic to the stack P1 and is a complicated way of
describing it. But the point here is that, once given the category of affine
toric varieties, general toric varieties can be defined directly and functorially
through this descent data procedure.
In the Quantum case, we will first define affine simplicial quantum toric
varieties as discrete quotient stacks; and then general simplicial quantum
toric varieties through descent.
5.1. Standard affine Quantum Toric Varieties and their morphisms.
Let Ck,d be the standard simplicial cone generated by (v1 = e1, . . . , vk = ek)
in Rd. Let Γ = Zd + Γ0 be in standard form also.
Observe that the group E(Γ) acts freely on Td. The Standard affine
Quantum Toric Variety associated to Ck,d and Γ is the quotient stack
(5.1) Qk,d,Γ =
[
Ck × Td−k/E(Γ)
]
Hence, an object over the affine toric variety T is simply a E(Γ)-cover T˜
with an equivariant map m
(5.2)
T˜ Ck × Td−k
T
m
and a morphism over T → S is given by
(5.3)
Ck × Td−k
T˜ S˜
T S
f
m
n
Taking k = 0 in (5.2) and (5.3) gives the description of the Quantum Torus
Td,Γ of Definition 3.1 (in its multiplicative form).
Inclusion of a standard l-affine quantum toric variety into a standard k-
cone quantum toric variety is given by inclusion of Cl×Td−l into Ck×Td−k
that is
(5.4)
T˜ Cl × Td−l Ck × Td−k
T
m
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and
(5.5)
Cl × Td−l Ck × Td−k
T˜ S˜
T S
m
n
In particular, taking l = 0, we have an inclusion of the Quantum Torus Td,Γ
into Qk,d,Γ.
Let us now describe morphisms from a standard k-cone onto a standard
k′-cone, which is more delicate. Recall Definition 3.3. We set
Definition 5.1. A toric morphism L from Qk,d,Γ onto Qk′,d′,Γ′ is a stack
morphism which restricts to a torus morphism from Td,Γ to Td′,Γ′ .
Hence we may associate to L a linear map L from Rd to Rd′ sending Γ
onto Γ′.
Let us show now how to construct such morphisms from a Quantum Fan
morphism between the fan constituted by the standard cone Ck,d in Γ with
generators (e1, . . . , ek) of 1-cones and the fan constituted by the standard
cone Ck′,d′ in Γ
′ with generators (e′1, . . . , e′k′) of 1-cones. So, according to
Definition 4.4, we assume that the linear map L : Rd → Rd′ has the ad-
ditional property of sending each ei for i between 1 and k onto a N-linear
combination of (e′1, . . . , e′k′).
For s ≤ d a positive integer, define
(5.6) z ∈ Cd 7→ Es(z) := (e2ipiz1 , . . . , e2ipizs , zs+1, . . . , zd) ∈ Ts × Cd−s
and
(5.7) z ∈ Cd 7→ E¯s(z) := (z1, . . . , zs, e2ipizs+1 , . . . , e2ipizd) ∈ Cs × Td−s
We note that Es ◦ E¯s = E¯s ◦ Es = E. In the same way, we define E′, E′s′
and E¯′s′ for s
′ ≤ d′.
We first consider the diagram
(5.8)
Cd = Ck × Cd−k Cd′
Tk × Cd−k Tk′ × Cd′−k′
Cd Cd′
Ck × Td−k Ck′ × Td′−k′
L
Ek E
′
k′
L
L
E¯k E¯
′
k′
In (5.8), the map L descends to Tk ×Cd−k and then extends to Cd because
it sends the first k vectors of the canonical basis of Rd onto a N-linear
combination of (v′1, . . . , v′k′). However, there is no reason for it to descend to
Ck × Td−k. The dash arrow means that, in general, there is no well-defined
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arrow at the bottom. This important fact is a source of trouble to turn L
into a morphism of the standard Quantum Toric Variety.
Let (T˜ ,m) be an object of this stack above T . It therefore satisfies (5.2).
Consider the fiber product
(5.9) Tˆ := T˜ m×E¯k Cd = {(t˜, z) | m(t˜) = E¯k(z)}
By definition, we have a cartesian diagram
(5.10)
Tˆ Cd
T˜ Ck × Td−k
pr1
pr2

E¯k
m
where pri means projection onto the i-th factor. Observe that Ek(Γ) acts
on Tˆ as follows. Set
(5.11) Ek(γ) · z = (E(γ1)z1, . . . , E(γk)zk, zk+1 + γk+1, . . . , zd + γd)
then
(5.12) Ek(γ) · (t˜, z) = (E¯kEk(γ) · t˜ = E(γ) · t˜, Ek(γ) · z)
is well defined since
(5.13)
m(E(γ) · t˜) =E(γ) ·m(t˜)
=E¯kEk(γ) · E¯k(z)
=E¯k(Ek(γ) · z)
and we have
Lemma 5.2. Let p be the composition
Tˆ = T˜ m×E¯k Cd T˜ T
pr1
Then Tˆ = T˜ m×E¯k Cd T
p
is a Ek(Γ)-cover.
Proof. We first prove that action (5.12) is free and proper. If γ ∈ Ek(Γ)
fixes (t˜, z), then we have
E¯k(γ) · t˜ = t˜ and γ · z = z
Now the first equation says that E¯k(γ) ∈ E(γ) acts as a deck transformation
of T˜ → T fixing point t˜, hence is equal to identity. So, in coordinates,
γ = (1, p) ∈ (C∗)k × Zd−k
and the second equation gives
γ · z = (z1, . . . , zk, zk+1 + p1, . . . , zd + pd−k) = z
so all pi are zero and γ is the identity of E(Γ), proving freeness of action
(5.12).
Moreover, if K is a compact of Tˆ , then pr1(K), resp. pr2(K) are compact
of T˜ , resp. Cd. Let γ such that γ ·K ∩K is not empty. Since the action of
E(Γ) on T˜ is proper, then E¯k(γ) · (pr1(K)) meets pr1(K) only for a finite
number of E¯k(γ). In other words, the first k-coordinates of γ belong to a
finite set. Since the action of Ek(Γ) on Cd is by translations on the last
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(d− k)-coordinates, γ · pr2(K) meets pr2(K) only for a set of γ whose last
(d − k)-coordinates belong to a finite set. Putting altogether, this proves
that γ lives in a finite set, and action (5.12) is proper.
Finally, it is easy to check that the map
(t˜, z) ∈ Tˆ t ∈ T,
where t is the image of t˜ through the cover projection T˜ → T , is invariant
through action (5.12), and, using m(t˜) = E¯k(z), we conclude as well that
(t˜, z) → t has fiber above t equal to the orbit of (t˜, z). Thus it descends as
an isomorphism between the quotient of Tˆ by (5.12) and T . 
Now define T˜ ′ as the quotient of Tˆ × E′(Γ′) by the free Ek(Γ)-action
(5.14) Ekγ · (t˜, z, E′γ′) = (Eγ · t˜, Ekγ · z, E¯′k′L(Ekγ)−1 · E′γ′)
We will use the notations of bundles associated to a principal bundle. That
is, given a principal bundle E → B with fiber and structural group an abelian
group G, a manifold F and a morphism ρ from G to the automorphism group
of F , one can construct the associate cover E ×ρ F → B with fiber F as
(5.15) E ×ρ F := (E × F )/G
where G acts by deck transformations on E and via ρ−1 on F 9. Here this is
exactly what we are doing and T˜ ′ is nothing else than
(5.16) (T˜ m×E¯k Cd)×E¯′k′L E
′(Γ′)
that is the E′(Γ′)-cover associated to the Ek(Γ)-cover T˜ m×E¯k Cd through
the morphism E¯′k′L.
Finally, set
(5.17) (t˜, z, E′(γ′)) 7−→ m′(t˜, z, E′γ′) := E¯′k′L(z) · E′(γ′) ∈ Ck × Td−k
Straightforward computations show that m′ descends as a E′(Γ′)-equivariant
map from T˜ ′ to Ck × Td−k.
Hence
(5.18)
T˜ ′ Ck × Td−k
T
m′
is an object of Qk,d,Γ.
Observe that all these spaces fit into the following commutative diagrams
9Here since our group is abelian, there is no need to distinguish between left and right
actions of G.
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Lemma 5.3. We have
Tˆ Cd Cd′ Tˆ ×L E′k′(Γ′)
T˜ Ck × Td−k Ck′ × Td′−k′ T˜ ′
T

L
E¯k E¯
′
k′
B

A
m m′
where
(5.19) A(t˜, z, E′k′γ
′) = (t˜, z, E′γ′)
and
(5.20) B(t˜, z, E′k′γ
′) = L¯(z) · E′k′γ′
Proof. Observe that (5.19) and (5.20) define A and B as functions from
Tˆ × E′k′(Γ′), but, since
A(g · (t˜, z, E′k′γ′)) =A(E¯k(g) · t˜, g · z, (Lg−1) · E′k′γ′)
=(E¯k(g) · t˜, g · z, E¯′k′Lg−1 · Eγ′)
=g · (t˜, z, Eγ′)
and
B(g · (t˜, z, E′k′γ′)) =L(g · z) · Lg−1 · E′k′γ′
=L(g) · L(z) · (L(g))−1E′k′γ′
=B(t˜, z, E′k′γ
′)
they descend as function from Tˆ ×L E′k′(Γ′) onto T˜ ′ (for A) and onto Cd
′
(for B).
Then, we have only to check that the right-hand diagram is commutative
and cartesian. But
E¯′k′B(t˜, z, E
′
k′(γ
′)) = E¯′k′L(z)E
′(γ′) = m′(t˜, z, E′(γ′))
hence it is commutative. Now, the map
(t˜, z, E′k′γ
′) ∈ Tˆ × E′k′(Γ′) 7−→ (t˜, z, E′γ′, L(z) · E′k′γ′) ∈ Tˆ × E′(Γ′)× Cd
′
descends as an isomorphism I between Tˆ ×LE′k′(Γ′) and T˜ ′ m′×E¯′
k′
Cd′ which
makes the following diagram commutative
(5.21)
T˜ ′ m′×E¯′
k′
Cd′
Cd′ T ×L E′k′(Γ′)
Ck′ × Td′−k′ T˜ ′
pr2
pr1
E¯′
k′
B
A
I
m′
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and the desired diagram is cartesian. 
Let L be the map from Qk,d,Γ to Qk′,d′,Γ′ sending (T˜ ,m) to (T˜
′,m′) and
(5.3) to
(5.22)
Ck × Td−k
T˜ ′ S˜′
T S
f ′
m′
n′
with
(5.23) f ′([t˜, z, E′(γ′)]) = [f(t˜), z, E′(γ′)]
The map L is a stack morphism from Qk,d,Γ to Qk′,d′,Γ′ .
Moreover, we note the following property.
Lemma 5.4. Given
(5.24) Ck,d ⊂ Cd Ck′,d′ ⊂ Cd′ Ck′′,d′′ ⊂ Cd′′L L
′
and setting L′′ = L′ ◦ L, we have
(5.25) L ′′ = L ′ ◦L .
Proof. We just prove property (5.25) on the objects. The rest of the prop-
erties can be verified easily. Starting from (5.24) and from an object (T˜ ,m)
over T , we form T˜ ′ = L (T ) and T˜ ′′ = L ′(T ′) and we have to compare it
with L ′′(T ).
Now, it is a standard fact that(
T˜ m×E¯k Cd ×L E′k′(Γ′)
)
×L′ E′′k′′(Γ′′)
is isomorphic to (
T˜ m×E¯k Cd
)
×L′L E′′k′′(Γ′′)
which implies
T˜ ′′ =
(
T˜ ′ m′×E¯′
k′
Cd
′)×E¯′′
k′′L
′ E
′′(Γ′′)
=
(
((T˜ m×E¯k Cd)×E¯′k′L E
′(Γ′))m′×E¯′
k′
Cd
′)×E¯′′
k′′L
′ E
′′(Γ′′)
=
(
(T˜ m×E¯k Cd)×L E′k′(Γ′)
)
×E¯′′
k′′L
′ E
′′(Γ′′)
but, using Lemma 5.3 and (5.21), we obtain
T˜ ′′ = (T˜ m×E¯k Cd)×E¯′′
k′′L
′L E
′′(Γ′′)
and we are done. 
Such morphisms are indeed toric morphisms. And we claim that we obtain
in this way all affine toric morphisms, that is
Theorem 5.5.
i) Let L be a stack morphism as above. Then L is a toric morphism.
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ii) Let L be a torus morphism from Td,Γ to Td′,Γ′ and let L be the
induced linear mapping L from Rd to Rd′ sending Γ onto Γ′. Then,
L extends as a toric morphism from Qk,d,Γ onto Qk′,d′,Γ′ if and only
if L is a morphism of Quantum Fans from the cone (Ck,d, e1, . . . , ek)
onto the cone (Ck′,d′ , e
′
1, . . . e
′
k′).
Proof. To prove i), we just have to check that the restriction of L to the
Quantum torus Td,Γ coincides with the torus morphism induced by L. Con-
sider the object
(5.26)
T˜ Td Ck × Td−k
T
m
Then (S˜,m′) := (L (T˜ ),L (m)) fits into the diagram of Lemma 5.3
(5.27)
Tˆ Tk × Cd−k Tk′ × Cd′−k′ Sˆ
T˜ Td Td′ S˜
T

L
E¯k E¯
′
k′

m m′
with
(5.28)

S = Tˆ ×E¯′
k′L
E′(Γ′)
Sˆ = Sm′×E¯′
k′
Tk
′ × Cd′−k′
m′(t˜, z, E′(γ′)) = E¯′k′L(z)E
′(γ′)
and, using (5.8), the previous diagram may be augmented as
(5.29)
T¯ Cd Cd′ S¯
Tˆ Tk × Cd−k Tk′ × Cd′−k′ Sˆ
T˜ Td Td′ S
T
L Td,Γ

L
Ek E
′
k′
a

b

L
E¯k E¯
′
k′

m m′
for
(5.30)
{
T¯ = T˜ m×E Cd and
S¯ = T¯ ×L Γ′
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and finally
(5.31)
{
a[t˜, z, γ′] = Lz + γ′ and
b[t˜, z, γ′] = ([t˜, Ek(z), E′(γ′)], LEk(z)E′k′(γ
′))
Comparing the first line with the multiplicative form of the torus morphism
associated to L yields the result.
Let us prove ii). Let L be a torus morphism induced by a linear map L.
If L is a morphism of Quantum Fans from the fan (Ck,d, e1, . . . , ek) onto the
fan (Ck′,d′ , e
′
1, . . . e
′
k′) then it sends the first k vectors of the canonical basis
of Rd onto a N-linear combination of (v′1, . . . , v′k′). Hence diagram (5.8) is
well defined, we may apply the above construction so by Lemma 5.4 and
point i), L extends as a toric morphism.
Conversely, assume L extends. Looking at the inclusion Td,Γ ⊂ Qk,d,Γ
on the atlas (5.1), we obtain the diagram
Td Ck × Td−k
Td × E(Γ) Ck × Td−k × E(Γ)
Td Ck × Td−k
m
m
and its image through L
Td Ck × Td−k
S˜ L (Ck × Td−k × E(Γ),m′)
Td Ck × Td−k
m′
m′
where S˜ and m′ are defined as above. But this means that, if a sequence of
points (E(zn), Id) in Td×E(Γ) converging to some limit in Ck×Td−k×E(Γ),
then E′L(zn) must converge in Ck
′ × Td′−k′ (use the augmented diagram
(5.29)). So L¯ is well defined and we are done. 
From (5.1), Definition 5.1 and Lemma 5.4, we immediatly obtain that
standard affine quantum toric varieties and their morphisms form a category.
Moreover, we may sum up this Section in the following
Corollary 5.6. Let A ff be the category whose objects are standard cones
Ck,d and morphisms are linear maps from Cd to Cd
′
sending Γ in Γ′ and
Ck,d and C
′
k′,d′. Then A ff is equivalent to the category of standard affine
quantum toric varieties.
5.2. Simplicial Quantum Toric Varieties. Let (∆, v) be a simplicial
standard Quantum Fan in Γ. Since ∆ is simplicial, every cone is the cone
over a simplex. For I ⊂ {1, . . . , d}, we denote by vI the cone over the simplex
with vertices (vi)i∈I . Denote by |I| the cardinal of I and set I = {i1, . . . , i|I|}.
38 L. KATZARKOV, E. LUPERCIO, L. MEERSSEMAN, AND A. VERJOVSKY
For each maximal cone vI , choose some invertible linear map
(5.32) Cd CdAI
which sends vI onto the standard |I|-cone C|I|,d. Notice that it sends Γ onto
AIΓ.
We associate to vI the affine quantum toric variety
(5.33) QI = Q|I|,d =
[
C|I| × Td−|I|/E(AIΓ)
]
If |I| = d, observe that we may set
(5.34) A−1I = (vi1 , . . . , vid)
as a square d× d matrix. Otherwise, we put
(5.35) A−1I =
(
vi1 , . . . , vi|I| , ej1 , . . . , ejd−|I|
)
where (ei) is the canonical basis of Rd and where the indices jk are chosen
so that the previous d× d matrix is invertible.
We note the obvious fact
Lemma 5.7. Let AI and A
′
I be two linear maps as in (5.32). Let QI and
Q′I be the associated stacks following (5.33). Then the linear map A
′
I ◦A−1I
induces an isomorphism between QI and Q
′
I .
Proof. The linear map A′I ◦A−1I is an isomorphism of the category A ff of
standard cones. Use Corollary 5.6. 
The same type of description works for non-maximal cones. Starting with
J = i1 · · · il labelling a non-maximal cone vJ , let I ⊃ J such that vI is a
maximal cone. Then we associate to vJ the stack
(5.36) QI⊃J =
[
C|J | × Td−|J |/E(AIΓ)
]
Following (5.4) and (5.5), inclusion J ⊂ I gives a stack inclusion QI⊃J ⊂
QI .
Besides, let vI and vI′ be two maximal cones with non-empty intersection
and let J = I ∩ I ′. Then the linear isomorphism AIJ := AJA−1I defines an
isomorphism from QI⊃J to QI′⊃J , which indicates how to glue the affine
quantum toric varieties QI and QI′ along QJ .
We finish with a collection of affine quantum toric varieties (QI)I maximal
and a collection of isomorphisms
(AIJ)I,J maximal, I∩J 6=∅
describing the gluings between these varieties. Because of Lemma 5.4 and
because the (AJA
−1
I ) form obviously a cocycle, the collection of isomor-
phisms is a descent datum. We use it to define the Quantum Toric Variety
associated to the fan (∆, v), cf. the example of P1 at the beginning of Section
5. We use the notation X∆,Γ,v for this Quantum Toric Variety.
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Definition 5.8. Let T ∈ A. An object of X∆,Γ,v over T is a covering
(TI)I∈Imax of T indexed over the set of maximal cones Imax together with
an object
T˜I C|I| × Td−|I|
TI
mI
of QI for any I ∈ Imax satisfying the descent datum condition
AII′

T˜I⊃J C|J | × Td−|J |
TI
mI
 =
T˜I′⊃J C|J | × Td−|J |
TI
mI′
above any couple (I, I ′) of maximal cones with non-empty intersection J ,
and setting T˜I⊃J := m−1I (C
|J | × Td−|J |) and T˜I′⊃J := m−1I′ (C|J | × Td−|J |).
Definition 5.9. Let T → S be a morphism from T ∈ A and S ∈ A. A
morphism of X∆,Γ,v over T → S is a collection of morphisms
C|I| × Td−|I|
T˜I S˜I
TI SI
FI
mI
nI
f
satisfying the compatibility conditions:
AII′

C|J | × Td−|J |
T˜I⊃J S˜I⊃J
TJ SJ
FI
mI
nI
f

is equal to
C|J | × Td−|J |
T˜I′⊃J S˜I′⊃J
TJ SJ
FI′
mI′
nI′
f
We may describe X∆,Γ,v more concretely using gluings of quasifolds. Let
vI and vI′ be two maximal cones with non-empty intersection. Then, using
the charts given in 5.33, we glue them on the intersection using the map
(5.37) [z] ∈ QI⊃J 7−→ [zAI′AI−1 ] ∈ QI′⊃J
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In (5.37), given z ∈ Cd and A = (aij)di,j=1 be a square d × d matrix, we
use the notation
(5.38) zA for (za111 · · · zad1d , . . . , za1d1 · · · zaddd )
Observe that the exponents in (5.37) can be irrational; nevertheless, the
corresponding monomials are well defined as morphisms from the stack QI⊃J
to the stack QI′⊃J . To be more precise, the gluing (5.37) is defined on
[Td/E(AIΓ)] ⊂ QI through the diagram
0 AIΓ Cd Cd/AIΓ 0
0 AI′Γ Cd Cd/AI′Γ 0
AI′A
−1
I
AI′A
−1
I AI′A
−1
I
and the stack isomorphism between [Cd/AIΓ] (respectively [Cd/AI′Γ]) and
[Td/E(AIΓ)] (respectively [Td/E(AI′Γ)]) given by E.
Then it is extended to QI⊃I∩J by noting that the first |I ∩ J | rows of the
matrix A−1J AI correspond to the first |I ∩ J | rows of the identity.
Gluings (5.37) obviously satisfy the cocycle condition. Hence we obtain the
alternative more geometric definition of X∆,Γ,v.
Definition 5.10. We call Quantum Toric Variety associated to the sim-
plicial Quantum Fan (∆,Γ, v) the stack obtained by gluings all the QI as-
sociated to maximal cones VI along their intersections through (5.37). We
denote it by X∆,Γ,v.
Remarks 5.11. If (∆, v) is an ordinary fan (that is Γ is discrete and each vi is
the primitive vector of a 1-cone, cf. Remark 4.2), then this is the definition
of the (usual) toric variety associated to it. If (∆, v) is a stacky fan, then
we obtain a toric orbifold.
Remark 5.12. Definitions 5.8, 5.9 and 5.10 depend a priori on the choice
of matrices AI but we shall see in Section 5.3 that two different choices
of matrices lead to isomorphic Quantum Toric Varieties. If we start with a
complete fan, then (5.34) gives a canonical choice. In the non-complete case,
(5.35) is not uniquely defined and cannot play this role.
We shall see in Section 7 that a Quantum Toric Variety can be realized
as the leaf space (holonomy groupoid) of a non-Ka¨hler foliated complex
manifold.
Example 5.13. As an example, we deal with the case of a quantum pro-
jective line. Here, we use the Quantum Fan of Example 4.18, so we assume
(4.5), (4.6) and (4.7). Note that, if a = 0, this is the fan of the classical P1.
We have two charts. Both are modelled onto QI = QJ = [C/ exp(2ipiaZ)].
The gluing is the mapping
(5.39) [z] ∈ T/ exp(2ipiΓ) 7−→ [z−1] ∈ T/ exp(2ipi(−Γ))
If a ∈ Z, this is just the classical P1. If a = p/q with p and q irreducible,
then Γ is the lattice 1/qZ, so v1 and v2 are not primitive and we obtain a
toric orbifold with 0 and ∞ having stabilizer Zq. Finally, if a is irrational,
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then we obtain a stack with two points having a stabilizer equal to Z. This
is not an orbifold.
Definition 5.14. Let Γ ∈ Rd such that Γ contains the lattice of integer
points. We call Quantum projective space associated to Γ the Quantum
toric variety associated to the simplicial fan in ∆ generated by
(5.40) v1 = e1 . . . vd = ed vd+1 = −e1 − . . .− ed.
Remarks 5.15. Example 5.13 describe all the quantum projective lines for
Γ as in (4.7), that is generated by one or two generators. In all dimensions,
observe that
i) There is exactly one quantum Pd associated to each Γ.
ii) If Γ is the lattice of integer points, this is exactly the standard Pd.
iii) If Γ is discrete but is not the lattice of integer points, we obtain a
weighted projective space.
iv) If Γ is irrational, some points have infinite discrete stabilizers.
Not all compact examples in dimension one are Quantum projective lines
as shown by the following example.
Example 5.16. Let us slightly complicate example 5.13. We still assume
that d is equal to 1 and that the fan contains only {0} and the two cones
R≥0 and R≤0. But we take as generators for the 1-cones
(5.41) v1 = 1 v2 = a with a < 0
and we set
(5.42) Γ = Z+ Za+ Zb with b ∈ R
Let P1(a, b) be the resulting Quantum toric variety. We see that we still
have two charts but this time one is modelled onto C/ exp(2ipiΓ) and the
other onto C/ exp(2ipia−1Γ). The gluing is the mapping
(5.43) [z] ∈ C/ exp(2ipiΓ) 7−→ [za−1 ] ∈ C/ exp(2ipia−1Γ)
Let us describe certain of these Quantum Toric Varieties more precisely
following the values of a and b. Assume firstly that a and b are rational.
Let q be the LCM of the denominators of a and b in their reduced fractional
form. It is easy to check that Γ is generated by 1/q. Hence the first chart
is an orbifold chart C/Zq, and the second one is an orbifold chart C/Zq|a|.
If q and qa are coprime, we obtain the (orbifold) weighted projective line
with weights q and q|a|. Observe that the GCD of the weights is not always
1. Indeed, taking −a equal to one and b equal to 1/q, we have two orbifold
singularities of degree q and this is not a weighted projective line. Assume
secondly that a and b are both irrational and are not rationally dependent.
Then
(5.44) Γ = Z⊕ Za⊕ Zb
so the two charts are modelled onto
(5.45) C/ exp(2ipi(Za⊕ Zb)) and C/ exp(2ipi(Za−1 ⊕ Za−1b))
i.e. C divided by a Z2 acting freely outside zero but fixing 0. This is not an
orbifold.
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The cases a and b are irrational but rationally dependent, or a is rational
and b not or b is rational and a not, stay also outside the world of orb-
ifolds but with charts modeled onto C divided by a Z-action. We left the
computations to the reader.
Example 5.17. We construct now the Γ-complete quantum deformations
of P2 whose fan is given in Example 4.8.
The three maximal cones 〈1, 2〉, 〈2, 3〉 and 〈3, 1〉 give rise to the three
matrices
(5.46) A12 =
(
1 0
0 1
)
, A23 =
1
a
(−b a
1 0
)
, A31 =
1
b
(
0 1
b −a
)
and the corresponding three charts
(5.47) Q12 =
[
C2
/
E
(
Z
(
a
b
))]
, Q23 =
[
C2
/
E
(
Z
(−b/a
1/a
))]
and
(5.48) Q31 =
[
C2
/
E
(
Z
(
1/b
−a/b
))]
Gluings are done using matrices (5.46). For example, the gluing between
Q23 and Q12 is given by A23A
−1
12 , that is
(5.49) [z, w] ∈ Q∗23 7−→ [z−b/aw, z1/a] ∈ Q∗12
where the ∗ means that the common coordinate, here that corresponding to
the cone 2, is not zero. The other two gluings are
(5.50)
[z, w] ∈ Q∗31 7−→ [w1/b, zw−a/b] ∈ Q∗12
and [z, w] ∈ Q∗31 7−→ [z1/bw, z−a/b] ∈ Q∗23
So if a = b = −1, we have three charts modelled on C2 and we recover the
classical P2.
If a and b are rational, we have three charts modelled on the quotient of C2
by a finite group acting with a fixed point. We obtain a toric orbifold, indeed
a weighted projective space. Straightforward but lengthy calculations show
that, setting |a| = p/q and |b| = r/s, then we obtain the weighted projective
space P(α, β, γ) with
(5.51)

α = LCM(q, s)
β = LCM(sp/GCD(sp, qr), p)
γ = LCM(qr/GCD(sp, qr), r)
where the weights (5.51) have no common divisor. This reduces, for a and
b integers, to P(1,−a,−b). In particular, only a = b = −1 gives P2. It is
also worth noticing that the actions defining the charts (5.47) are always
effective so we cannot obtain weighted projective spaces with non-coprime
weights.
Finally, if at least a or b is irrational, we have three charts modelled on
the quotient of C2 by Z acting with a fixed point. We obtain a quasifold
and not an orbifold.
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5.3. Toric morphisms of Simplicial Quantum Toric Varieties. A
toric morphism between two simplicial Quantum Toric Varieties X∆,Γ,v and
X∆′,Γ′,v′ is simply a collection of affine toric morphisms LII′ between the
affine cones QI and Q
′
I′ that are compatible with the gluings. Compatibility
means that A ′I′J ′ ◦LII′ and LJJ ′ ◦AIJ are equal on QJ⊃I .
It follows immediatly from Lemma 5.4 that this compatibility boils down to
A′I′J ′LII′ = LJJ ′AIJ
In other words the linear maps A′I′LII′AI glue together in a Quantum Fan
morphism L.
Conversely, it is straightforward to check that a morphism of Quantum
Fans induces a morphism of the corresponding Quantum Toric Varieties.
From this, we obtain a proof of remark 5.12 as well as the following statement
(compare with Corollary 5.6)
Theorem 5.18. gh
i) A stack morphism between Quantum Toric Varieties is a toric morphism
if and only if its restriction to the Quantum tori is a torus morphism.
ii) Let Q be the category of simplicial Quantum Toric Varieties. Then Q
is isomorphic to Q.
6. The definition (atlas) of calibrated Quantum Toric
Varieties.
We treat now the calibrated case. We follow the same process as in Section
5, that is we first define standard affine calibrated toric varieties and their
morphisms, and then general ones using descent.
6.1. Standard affine calibrated Quantum Toric Varieties and their
morphisms. Let Γ = Zd + Γ0 be in standard form and let (Ck,d, h) be
a standard calibrated cone. Hence h : Zn → Γ is a surjective morphism
satisfying h(ei) = ei for 1 ≤ i ≤ d, the set of generators of 1-cones is
{1, . . . , k} and the set of virtual generators is J = {n− l+1, . . . , n} for some
l between 0 and n− d.
The Standard affine calibrated Quantum Toric Variety associated to Ck,d
and h is the quotient stack
(6.1) Qcalk,d,h =
[
Ck × Td−k/Zn−d
]
where Zn−d acts on Ck × Td−k as follows
(6.2) (p, z) 7−→ E(~(p)) · z
Hence, an object over the affine toric variety T is simply a Zn−d-cover T˜ cal
with an equivariant map mcal
(6.3)
T˜ cal Ck × Td−k
T
mcal
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and a morphism over T → S is given by
(6.4)
Ck × Td−k
T˜ cal S˜cal
T S
g
mcal
ncal
Inclusion of standard cones (Ck,d, h) in (Ck′,d, h) with k ≤ k′ is obtained by
adding the inclusion Ck × Td−k ↪→ Ck′ × Td−k′ in diagrams (6.3) and (6.4),
cf. (5.4) and (5.5).
We copy now Definition 5.1.
Definition 6.1. A (toric) morphism L cal between Qcalk,d,h and Q
cal
k′,d′,h′ is a
stack morphism which restricts to a calibrated torus morphism from T calh,J
to T calh′,J ′ .
Hence, we may associate to L cal a couple of linear maps (L,H) satisfying
(3.17).
Given (L,H) a morphism of calibrated Quantum Fans between (Ck,d, h)
and (Ck′,d′ , h
′), we define a stack morphismL cal between Qcalk,d,h and Q
cal
k′,d′,h′
as follows. Observe that
L =
(
L1 0
0 L2
)
and H =
(
H1 0
0 H2
)
with L2, resp. H2, a (d − k) × (d′ − k′) matrix, resp. (n − k) × (n′ − k′)
matrix. Starting with an object (6.3), we first form the fibered product
(6.5) Tˆ cal := T˜ cal mcal×E¯k Cd = {(t˜, z) | mcal(t˜) = E¯k(z)}
so that we have a cartesian diagram
(6.6)
Tˆ cal Cd
T˜ cal Ck × Td−k
pr1
pr2

E¯k
mcal
Here Zn−k acts on Tˆ cal via
(6.7) p · (t˜, z) = (prk(p) · t˜, Ek(h(p)) · z)
where prk is the projection of Zn−k = Zd−k ×Zn−d onto Zn−d and where in
the expression h(p) we identified Zn−k with {0} × Zn−k in Zn.
Then
(6.8) L cal(T˜ cal) = Tˆ cal ×prk′◦H2 Zn
′−d′
with associated equivariant map
(6.9) (t˜, z, q) E¯′k′L(z) · (E′~′(q))
L cal(mcal)
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As for the morphisms, L cal sends a morphism (6.4) onto
(6.10)
Ck × Td−k
L cal(T˜ cal) L cal(S˜cal)
T S
g′
L cal(mcal)
L cal(ncal)
with
g′(t˜, z, q) = (g(t˜), z, q)
That L cal is a stack morphism is proved by adapting the proof of Lemma
5.4 to the calibrated case. We left the details to the reader. As in Section
5.1, we then characterize a calibrated toric morphism.
Theorem 6.2.
i) Let L cal be a stack morphism as above. Then L cal is a toric morphism.
ii) Let L cal be a calibrated torus morphism from T calh,J to TΓ′,h′ and let
(L,H) be the induced linear mappings. Then L cal extends as a toric
morphism from Qcalk,d,h to Q
cal
k′,d′,h′ if and only if (L,H) is a morphism of
calibrated Quantum Fans from the cone (Ck,d, h) onto the cone (Ck′,d′ , h
′).
Proof. This is similar to the proof of Theorem 5.5. We content ourselves
with giving following two commutative diagrams which describe a calibrated
torus morphism L cal for the first one and a toric morphism for the second.
Comparing them and following the same line of arguments as in the proof
of Theorem 5.5 yield the result
Tk × Cd−k × Zn−k Tk × Cd−k Tk′ × Cd′−k′ Tk′ × Cd′−k′ × Zn′−k′
Td × Zn−d Td Td′ Td′ × Zn−d
Td
p

L
E¯k E¯
′
k′

m m′
and
Cd × Zn−k Cd Cd′ Cd′ × Zn′−k′
Ck × Td−k × Zn−d Ck × Td−k Ck′ × Td′−k′ Td′ × Zn′−d′
Ck′ × Td′−k′
p

L
E¯k E¯
′
k′

m m′

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Consider now the calibrated cone (Ck,n, Id) in Rn equipped with the lat-
tice Zn and with J as set of virtual generators. This is exactly (∆h, Id) and
the associated toric variety is simply Ck × Tn−k. Note that the associated
cone Ck,n also corresponds to Ck × Tn−k, that is there is no difference here
between the calibrated and the non-calibrated case. We have
Corollary 6.3. The calibration h induces a toric morphism hcal from Ck×
Tn−k onto Qcalk,d,h.
Proof. Combine Theorem 6.2 and Lemma 4.15. 
We also infer from Theorem 6.2 the following corollaries.
Corollary 6.4. Let L cal be a morphism from Qcalk,d,h to Q
cal
k′,d′,h′. Then it
induces a morphism L from Qk,d,Γ to Qk′,d′,Γ′
Proof. Associate to L cal the couple (L,H). The linear mapping L induces
a a morphism L from Qk,d,Γ to Qk′,d′,Γ′ by Theorem 5.5. 
and in particular, since the non-calibrated Ck,n also corresponds to Ck ×
Tn−k,
Corollary 6.5. The calibration h induces a toric morphism h from Ck ×
Tn−k onto Qk,d,Γ.
Moreover H induces a torus morphism H between Ck ×Tn−k and Ck′ ×
Tn′−k′ . This morphism can be seen either as a calibrated or a non-calibrated
morphism. We have
Lemma 6.6. The diagram of morphisms
(6.11)
Ck × Tn−k Ck′ × Tn′−k′
Qk,d,Γ Qk′,d′,Γ′
H
h (h’)
L
is commutative
Proof. By Lemma 5.4, the composition h’ ◦H , resp. L ◦ h, corresponds to
the linear mapping h′ ◦ H, resp. L ◦ h. But these mappings are equal by
(3.17). 
The calibrated version of this lemma runs as follows.
Lemma 6.7. The diagram of morphisms
(6.12)
Ck × Tn−k Ck′ × Tn′−k′
Qcalk,d,h Q
cal
k′,d′,h′
H
(h)cal (h’)cal
L cal
is commutative
Proof. The composition (h’)cal ◦H , resp. L ◦ hcal, restricts to a calibrated
torus morphism, hence is a toric morphism. It corresponds to the linear
mappings (h′ ◦ H,H), resp. (L ◦ h,H). But these mappings are equal by
(3.17). 
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We finish this subsection with a characterization of toric morphisms.
Theorem 6.8. There is a 1 : 1 correspondence between morphisms L cal
from Qcalk,d,h to Q
cal
k′,d′,h′ and pairs (L ,H ) such that
i) L is a morphism of affine Quantum varieties from Qk,d,Γ to Qk′,d′,Γ′.
ii) H is a morphism of classical toric varieties from Ck × Tn−k to
Ck′ × Tn′−k′.
iii) The following diagram is commutative
(6.13)
Ck × Tn−k Ck′ × Tn′−k′
Qk,d,Γ Qk′,d′,Γ′
h
H
h′
L
iv) For j 6∈ J ′, the j-th component Hj is a monomial with integer coef-
ficients in the variables (wi)i 6∈J .
v) There exists a map s from J to J ′ such that, for j ∈ J ′, the j-th
component Hj satisfies
Hj(w) =

∏
i∈s−1(j)
wi if s
−1(j) 6= ∅
1 if s−1(j) = ∅
Proof. To L cal, we associate (L,H) and (L ,H ) as above. Point iii) is
Lemma 6.6 and points iv) and v) follow from points iv) and v) of Definition
4.13. Conversely, (L ,H ) induces (L,H) satisfying Definition 4.13 andL cal
through Theorem 6.2. 
Finally, we note the obvious following fact.
Corollary 6.9. The following points are equivalent.
i) The stack isomorphism L cal is an toric isomorphism from Qcalk,d,h to
Qcalk′,d′,h′ (that is both L
cal and its inverse are toric morphisms).
ii) The associated Quantum Fan morphism (L,H) is an isomorphism.
iii) The restriction of the stack isomorphism L cal to the Quantum tori is
an isomorphism.
From this Corollary, we define
Definition 6.10. A stack isomorphism L cal is a marked isomorphism if
the associated Quantum Fan morphism (L,H) is a marked isomorphism, or,
equivalently, if its restriction to the Quantum tori is a marked isomorphism.
6.2. Forgetting Calibrations. Given any calibrated standard affine Quan-
tum Toric Variety Qcalk,d,h we can canonically associate to it its standard non
calibrated form Qk,d,Γ. More precisely, there is a natural forgetful functor
f from Qcalk,d,h onto Qk,d,Γ. To write it down explicitly we make use of the
kernel of h. Consider as in (4.4)
(6.14) 0 Ξ Zn Γ 0i h
Observe that
h ◦ i(k) = h(i1(k), i2(k)) = i1(k) + ~(i2(k)) = 0
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so
(6.15) ~(i2(k)) ∈ Zd.
Given an object (T˜ cal,mcal) over T , then Ξ injects via i in its deck trans-
formation group, hence acts freely and properly on it. So we send it to
(T˜ ,m) where T˜ = T˜ cal/Ξ and
m(t˜) = mcal(t˜cal) with t˜cal ∈ T˜ cal 7→ t˜ ∈ T˜
which is well defined since, using (6.15),
mcal(i(k) · t˜cal) = E(~ ◦ i2) ·mcal(t˜cal) = mcal(t˜cal)
So we have for the objects
(6.16)
Ck × Td−k
T˜ cal T˜
T
f
mcal m
and for the morphisms,
(6.17)
Ck × Td−k
T˜ cal S˜cal
T S
T˜ S˜
m
mcal
ncal
n
Given a calibrated toric morphism L cal, it induces by Corollary 6.4 a
toric morphism L . They are related through f. Indeed,
Lemma 6.11. We have a commutative diagram
(6.18)
Qcalk,d,h Q
cal
k′,d′,Γ′
Qk,d,Γ Qk′,d′,Γ′
f
L cal
f
L
Proof. We just check it on the objects and left the verification on the mor-
phisms to the reader. Start with an object (6.3) and set f (T˜ cal) = T˜ . Then
we have
f (Tˆ cal) = Tˆ
and
f (L cal(T˜ cal)) =f (Tˆ cal ×s◦prk Zn
′−d′)
=Tˆ ×E¯′
k′L
E′(Γ′)
=L (T˜ )
=L (f (T˜ cal)).
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and finally
f (L cal(mcal))(t˜, z, E′~′(q)) =L cal(mcal)(t˜cal, z, q)
=E¯′k′L(z) ·
(
E′~′(q)
)
=L (m)(t˜, z, E′~′(q))
=L (f (mcal))(t˜, z, E′~′(q))
proving the lemma. 
In particular, h is the composition with f of hcal. In other words, a
calibrated affine quantum toric variety is indeed a triple
(6.19)
Ck × Tn−k Qcalk,d,h
Qk,d,Γ
h
hcal
f
We can give a much concrete description of h and hcal. The morphism h fits
into the diagram, cf. (5.8)
(6.20)
Cd × Cn−d Cd
Tk × Cn−k Tk × Cd−k
Cd × Cn−d Cd
(Ck × Td−k)× Cn−d Ck × Td−k
Ck × Tn−d Qk,d,Γ
h
Ek Ek
h
h
E¯d
hˆ
h
Taking into account (3.28), we may write down h as
(6.21)
(z, w) ∈ Cd × Cn−d 7−→
(
E(~1(w)) · z1, . . . ,
E(~k(w)) · zk, zk+1 + ~k+1(w), . . . , zd + ~d(w)
)
and hˆ as
(6.22) (z, w) ∈ (Ck × Td−k)× Cn−d 7−→ E(~(w)) · z
Hence, we see that
(6.23) hˆ(z, w + p) = E(~(w + p)) · z = E(~(p)) · hˆ(z, w)
for p ∈ Zn−d, so hˆ descends as a morphism from (Ck × Td−k) × Tn−d to
Qcalk,d,h. This is h
cal.
50 L. KATZARKOV, E. LUPERCIO, L. MEERSSEMAN, AND A. VERJOVSKY
We also note the following fact. We see that h, resp. hˆ and h, defines an
action of the group (Cn−d,+) on Cd, resp. (Ck ×Td−k)×Cn−d so in (6.20)
we interpret h as describing also an action of (Cn−d,+).
We may sum up the previous commutation properties in a single commu-
tative diagram. Recall that Qk,n is simply Ck × Tn−k.
Lemma 6.12. The following diagram is commutative
(6.24)
Qk,n Qk′,n′
Qk,n Qk′,n′
Qcalk,d,h Q
cal
k′,d′,h′
Qk,d,Γ Qk′,d′,Γ′
Id
H
hcal
Id
(h’)cal
H
h
f
L cal
f
L
h’
Proof. This is just a superposition of (6.12), (6.13), and (6.18) applied to
L cal, hcal and (h’)cal. 
Let nowA ff cal be the category whose objects are the standard calibrated
cones (Ck,d, h) and whose morphisms are the morphisms of calibrated fans
(L,H) between two such (Ck,d, h). Similarly to Corollary 5.6, we have
Proposition 6.13. The category of calibrated affine Quantum Toric Vari-
eties and their morphisms is equivalent to the category of A ff cal.
Proof. The proof is straightforward using Corollary 5.6 and the isomorphism
between the category of cones in a lattice and the category of affine toric
varieties in the classical case. An affine Quantum calibrated toric variety
Qcalk,d,h is by definition associted to a cone Ck,d,Γ. Then, starting with a
morphism (L ,H ) of calibrated affine Quantum Toric Varieties, we associate
to it (L,H) with Lmorphism of Quantum Fans sending (Ck,d, e1, . . . , ek) into
(Ck′,d′ , e
′
1, . . . , e
′
k′) and H morphism of classical fans. Now it follows from
Theorem 6.8 that such a linear map H must send each ei corresponding to
a virtual 1-cone e′s(i). Hence (L,H) satisfies the requirements of Definition
4.13. Conversely, given (L,H) a morphism of Quantum Fans, we build L
andH satisfying (6.13). Finally condition iv) of Definition 4.13 immediatly
implies condition iv) of Theorem 6.8. 
6.3. Calibrated Simplicial Quantum Toric Varieties. Let (∆, h) be a
simplicial standard calibrated Quantum Fan in Γ. Let vI be a maximal cone
of (∆, h). Define AI as in (5.34). Let HI be the permutation of Zn that
sends (e1, . . . , e|I|) onto the (eI). Let hI be the calibration which makes the
following diagram commutative
(6.25)
Γ AIΓ
Zn Zn
AI
h
HI
hI
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As usual, we decompose hI as (Id, ~I) with ~I being a ((n−d)×d)-matrix
and let Zn−d 3 x act onto C|I| × Td−|I| 3 z by
(6.26) LI(x, z) := E(~I(x)) · z
as in (6.2).
We associate to vI the calibrated affine quantum toric variety
(6.27) QcalI =
[
C|I| × Td−|I|/〈LI〉
]
It is isomorphic to Qcalk,d,h by (6.25). We note the obvious fact
Lemma 6.14. Let (AI , HI) and (A
′
I , H
′
I) be two linear maps as in (5.32)
and (6.25). Let QcalI and (Q
′)calI be the associated calibrated affine quan-
tum toric varieties. Then the linear maps (A′I ◦A−1I , H ′I ◦H−1I ) induces an
isomorphism between QcalI and (Q
′)calI .
Proof. The couple (A′I ◦ A−1I , H ′I ◦H−1I ) is an isomorphism of the category
A ff cal of standard cones. Use Proposition 6.13. 
The same type of description works for non-maximal cones. Starting with
J = i1 · · · il labelling a non-maximal cone vJ , let I ⊃ J such that vI is a
maximal cone. Then we associate to vJ the stack
(6.28) QcalI⊃J =
[
C|J | × Td−|J |/〈LI〉
]
Inclusion J ⊂ I gives a calibrated toric inclusion QcalI⊃J ⊂ QcalI . Besides,
let vI and vI′ be two maximal cones with non-empty intersection and let J =
I ∩ I ′. Then the linear isomorphisms AII′ := AJA−1I and HII′ := HJH−1I
define an isomorphism A calII′ from Q
cal
I⊃J to Q
cal
I′⊃J , which indicates how to
glue the calibrated affine quantum toric varieties QcalI and Q
cal
I′ along Q
cal
J .
As in Section 5.2, we may thus define the calibrated Quantum Toric Va-
riety X cal∆,h,J by descent.
Definition 6.15. Let T ∈ A. An object of X cal∆,h,J over T is a covering
(TI)I∈Imax of T indexed over the set of maximal cones Imax together with
an object
T˜ calI C|I| × Td−|I|
TI
mcalI
of QcalI for any I ∈ Imax satisfying the descent datum condition
A calII′

T˜ calI⊃J C|J | × Td−|J |
TI
mcalI
 =
T˜ calI′⊃J C
|J | × Td−|J |
TI
mcal
I′
above any couple (I, I ′) of maximal cones with non-empty intersection J ,
and setting T˜ calI⊃J := (m
cal
I )
−1(C|J | × Td−|J |) and T˜ calI′⊃J := (mcalI′ )−1(C|J | ×
Td−|J |).
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Definition 6.16. Let T → S be a morphism from T ∈ A and S ∈ A. A
morphism of X cal∆,h,J over T → S is a collection of morphisms
C|I| × Td−|I|
T˜ calI S˜
cal
I
TI SI
FI
mcalI
ncalI
f
satisfying the compatibility conditions:
A calII′

C|J | × Td−|J |
T˜ calI⊃J S˜
cal
I⊃J
TJ SJ
FI
mcalI
ncalI
f

is equal to
C|J | × Td−|J |
T˜ calI′⊃J S˜
cal
I′⊃J
TJ SJ
FI′
mcal
I′
ncal
I′
f
Let us compare with (5.33). Since h and thus hI is an epimorphism, the
difference sits in the kernel of these maps. Of special interest is therefore
the short exact sequence (6.14) and its variation
(6.29) 0 ΞI := Ker hI Zn AIΓ 0
hI
Let vI and vJ be two maximal cones with non-empty intersection. From
(6.25) and (6.29), we obtain the following commutative diagram
(6.30)
0 ΞI Zn AIΓ 0
0 ΞJ Zn AJΓ 0
KIJ
hI
HIJ AIJ
hJ
with KIJ uniquely defined by the pair (AIJ , HIJ).
Using KIJ and (5.37), we can define a calibrated toric variety more con-
cretely using gluings of quasifolds. This is similar to what we did in Sec-
tion 5.2, but this time the gluing (5.37) is defined on the calibrated torus
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T cald,h ⊂ QcalI through the diagram
(6.31)
0 ΞI Zn Cd T calΓ,hI 0
0 ΞJ Zn Cd T calΓ,hJ 0
KIJ HIJ
hI
AIJ A calIJ
hJ
We note that
(6.32)
AIJ(z + hI(p)) =AIJz +AIJhI(p)
AIJz + hJ(HIJ(p))
hence is Zn-equivariant and descends as A calIJ . In other words, and passing
in exponential form, the gluing
(6.33) [z] ∈ QcalI⊃J 7−→ [zAI′AI
−1
] ∈ QcalI′⊃J
is well defined. Then, it is extended to QI⊃I∩J by noting that the first |I∩J |
rows of the matrix A−1J AI correspond to the first |I∩J | rows of the identity.
Hence, we define alternatively
Definition 6.17. We call calibrated Quantum Toric Variety associated to
the simplicial calibrated Quantum Fan (∆,Γ, h) the stack obtained by gluing
all the QcalI associated to maximal cones CI along their intersections through
(6.31). We denote it by X cal∆,h,J .
Using (5.37), we may also construct the quantum toric variety X∆,Γ,v.
We have
Proposition 6.18. The functor f defined on the affine Quantum calibrated
cones extends as a morphism from X cal∆,h,J to X∆,Γ,v.
Proof. This is a direct consequence of Lemma 6.11. 
Now, observe that from diagram (6.31), we can also glue together the
affine classical toric varieties C|I| × Tn−|I| using the cocyle (HIJ). In this
way, we obtain a classical toric variety S . Moreover, we have
Proposition 6.19. The functor h, resp. hcal, extends as a morphism from
S to X∆,Γ,v, resp. to X
cal
∆,h,J .
Proof. This is a direct consequence of diagram (6.24). 
As a consequence, we obtain a triple describing X cal∆,h,J as in (6.19)
(6.34)
S X cal∆,h,J
X∆,Γ,v
h
hcal
f
We shall see in Section 7 that a calibrated Quantum Toric Variety can be
realized as the quotient space of S by a global holomorphic Cn−d-action;
and, under some additional hypotheses, as the quotient space of a non-
Ka¨hler complex manifold by a global holomorphic action.
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6.4. Gerbe Structure of a calibrated Quantum Toric Variety. Recall
(6.14). Let a such that Ξ is isomorphic to Za. Observe that a is reduced to
zero as soon as there is no Z-linear relation between the h(ei), which is the
generic case. In that case Ξ is reduced to zero and (6.14) reduces to h being
an isomorphism from Zn to Γ. As a consequence X cal∆,h,J and X∆,Γ,v are the
same stack.
Assume now that a is maximal, that is equal to n−d. Then, the matrices
AI have integer entries and action (6.2) is trivial so that Q
cal
I is a gerbe over
the classical affine toric variety QI = Ck × Td−k with band Zn−d.
In the intermediate case 0 < a < n− d, then QcalI is still a gerbe over the
classical affine toric variety QI = Ck ×Td−k but with band Za. Globally we
thus have by functoriality of the construction
Proposition 6.20. The calibrated Quantum Torics X cal∆,h,J is a gerbe over
X∆,Γ,v with band Za. In particular, if a = 0, X cal∆,h,J and X∆,Γ,v are iso-
morphic.
Homotopically, such a gerbe is given by a map in the classifying space
BB(Za), which is nothing else than (P∞)a. In other words, such a gerbe
defines a principal Ta bundle over X∆,Γ,v up to homotopy. We can describe
this bundle as h.
We first assert that there exists a natural morphism P from Ck × Tn−k
to Qcalk,d,h. To see this, let Zn−d acts on Ck × Td−k × Cn−d as
(6.35) (p, (z, w)) ∈ Zn−d × (Ck × Td−k)× Cn−d 7−→ (E(~(p)) · z, w + p)
Then the projection map P : (Ck×Td−k)×Cn−d → Ck×Td−k is equivariant
for action (6.35) on the left and for action (6.2), hence it descends as a
morphism
(6.36)
(Ck × Td−k)× Cn−d Ck × Td−k
(Ck × Td−k × Cn−d)/Zn−d Qcalk,d,h
P
P
We think of (6.36) as a trivialization diagram for the morphism P, making
of Ck × Tn−k a trivial principal Cn−d-bundle above Qcalk,d,h. We then notice
that P is related to hˆ through
(6.37)
Ck × Td−k × Cn−d
Ck × Td−k
(Ck × Td−k)× Cn−d
(hˆ−1,Id)
P
hˆ
Observe that (hˆ−1, Id) is an isomorphism which is moreover equivariant for
the action of Zn−d on the source by (6.35) and on the target by integer
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translations on the Cn−d-factor. So it descends as
(6.38)
(Ck × Td−k × Cn−d)/Zn−d
Qcalk,d,h
(Ck × Td−k)× Tn−d
(hˆ−1,Id)
P
hcal
By functoriality,
Proposition 6.21. The morphism hcal from S to X∆,Γ,v makes of S a
principal Cn−d principal bundle over X cal∆,h,J .
Because of Proposition 6.20, when considering h and no more hcal, we
have immediatly
Proposition 6.22. The morphism h from S to X∆,Γ,v makes of S a
principal Ta × Cn−d−a principal bundle over X∆,Γ,v.
This bundle is a concrete realization of the gerbe structure described in
Proposition 6.20.
Example 6.23. Let us go back to the calibrated Quantum Fan of Example
4.18. If a is an integer, then Γ is Z and it encodes the standard projective
line P1. The calibrated Quantum Toric Variety is a Z2-gerbe over P1. The
toric variety S is C2 \ {(0, 0)} × T, associated to the fan (R+ · e1,R+ · e2)
in R3 equipped with the standard integer lattice. Thus, the T2-bundle of
Proposition 6.22 is just (x, y, z) ∈ S 7→ [x, y] ∈ P1, that is O(−1) \ {0} ⊕
O \ {0}. It becomes a C2-bundle when replacing P1 with a Z2-gerbe over
P1. For a irrational, we still have a gerbe, but it has now band Z.
6.5. Morphisms of (calibrated) Quantum Toric Varieties. A mor-
phism between two simplicial calibrated Quantum Toric Varieties X cal∆,h,J
andX cal∆′,h′,J ′ is simply a collection of calibrated affine toric morphisms L
cal
II′
between the affine toric varieties QcalI and (Q
′)calI′ that are compatible with
the gluings. Compatibility means that A ′calI′J ′ ◦ L calII′ and L calJJ ′ ◦ A calIJ are
equal on QcalJ⊃I . Recalling that LII′ is encoded in (LII′ , HII′) and recalling
(6.31), we get easily that compatibility means
A′I′J ′LII′ = LJJ ′AIJ and H
′
I′J ′HII′ = HJJ ′HIJ
In other words, the linear maps (A′I′LII′AI , H
′
I′HII′HI) glue together in a
Quantum Fan morphism (L,H).
Conversely, it is straightforward to check that a morphism of calibrated
Quantum Fans induces a morphism of the corresponding calibrated Quan-
tum Toric Varieties. From this, we obtain (compare with Theorem 5.5)
Theorem 6.24. fff
i) A stack morphism between calibrated Quantum Toric Varieties is a toric
morphism if and only if its restriction to the underlying Quantum tori
is a calibrated torus morphism.
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ii) Let Qcal be the category of simplicial calibrated Quantum Toric Vari-
eties. Then Qcal is equivalent to the category of quantum toric fans
Qcal.
Finally, we may sum up the properties of calibrated toric morphisms in
the following two theorems. They are obtained respectively from Theorem
6.8 and Lemma 6.12.
Theorem 6.25. There is a 1 : 1 correspondence between morphisms L cal
from X cal∆,h,J to X
cal
∆′,h′,J ′ and pairs (L ,H ) such that
i) L is a morphism of affine Quantum varieties fromX∆,Γ,v toX∆′,Γ′,v′.
ii) H is a morphism of classical toric varieties from S to S ′.
iii) The following diagram is commutative
(6.39)
S S ′
X∆,Γ,v X∆′,Γ′,v′
h
H
h′
L
iv) For j 6∈ J ′, the j-th component Hj is a monomial with integer coef-
ficients in the variables (wi)i 6∈J .
v) There exists a map s from J to J ′ such that, for j ∈ J ′, the j-th
component Hj satisfies
Hj(w) =

∏
i∈s−1(j)
wi if s
−1(j) 6= ∅
1 if s−1(j) = ∅
and
Theorem 6.26. The following diagram is commutative
(6.40)
S S ′
S S ′
X cal∆,h,J X
cal
∆′,h′,J ′
X∆,Γ,v X∆′,Γ′,v′
Id
H
hcal
Id
(h’)calH
h
f
L cal
f
L
h’
Also, the following straight adaptations of Corollary 6.9 and Definitions
6.10 are valid.
Corollary 6.27. The following points are equivalent.
i) The stack isomorphismL cal is an toric isomorphismX cal∆,h,J toX
cal
∆′,h′,J ′
(that is both L cal and its inverse are toric morphisms).
ii) The associated Quantum Fan morphism (L,H) is an isomorphism.
iii) The restriction of the stack isomorphism L cal to the Quantum tori is
an isomorphism.
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From this Corollary, we define
Definition 6.28. A stack isomorphism L cal is a marked isomorphism if
the associated Quantum Fan morphism (L,H) is a marked isomorphism, or,
equivalently, if its restriction to the Quantum tori is a marked isomorphism.
Example 6.29. We go back to Example 4.20 and we want to describe
the associate morphism between calibrated Quantum Toric Varieties. We
assume x = aα, y = bα, with α ≥ β ≥ 0 integers. The calibrated toric
variety X cal∆,Γ,ha is described in Examples 5.13 and 6.23 and is a calibrated
version of a quantum projective line. It has two charts corresponding to the
two 1-cones. In the same way, X cal∆2,Γ,h is a calibrated version of a Quantum
projective space. The morphism splits as two morphisms
[z] ∈ [C/ exp(2ipiΓa)] 7−→ [zα, zβ] ∈ [C2/ exp(2ipiΓ)]
and
[w] ∈ [C/ exp(2ipi(−Γa))] 7−→ [zα−β, zα] ∈ [C2/ exp(2ipiA−123 Γ)]
with
A−123 =
(−1 1
−1 0
)
with corresponding homomorphisms H described in Example 4.20 from the
one hand and 
α− β β 0
α 0 0
0 α 0
0 0 1

from the other hand.
Example 6.30. We construct the trivially calibrated Γ-complete quantum
deformation of P2 whose calibrated fan is given in Example 4.19. It is
important to compare with the construction of Example 5.17.
The three matrices H12, respectively H23 and H31 corresponding to (5.46)
are just the permutation matrices of the permutation (12), resp. (23) and
(31). The associated ~ functions can be read off from (5.47). It gives
(6.41)

~12(x) = (xa, xb)
~23(x) = (−xb/a, x/a)
~31(x) = (x/b,−xa/b)
The main difference with Example 5.17 is that the three charts are now
modelled on the quotient of C2 by a Z-action, regardless of the rationality
or irrationality of a and b.
However, there still exists a difference between the rational and the ir-
rational case. If a and/or b is irrational, then all ~ functions in (6.41) are
injective and the calibrated quantum deformation of P2 is isomorphic to the
corresponding non-calibrated quantum deformation described in Example
5.17. But if a and b are rational, the calibrated quantum deformation of P2
is a Z-gerbe over the corresponding non-calibrated quantum deformation.
In particular, a = b = −1 does not correspond here to P2 but to a Z-gerbe
over P2.
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Finally, note thatS is C3\{0}}, so the Z-gerbe corresponds to the bundle
O(−1).
7. Quantum GIT
In this section, we will generalize the classical construction of toric va-
rieties as GIT quotients to the quantum case; in particular, we show that
Quantum toric stacks can be constructed as global quotients.
7.1. Quantum calibrated GIT. We first deal with the calibrated case.
So start now from a simplicial calibrated Quantum Fan (∆, h) in Γ. Set
vi = h(ei) for i = 1, . . . , n. We will show in this section how to construct
the calibrated quantum toric variety X cal∆,h,J as a quotient stack.
To do this, we make use of Gale transforms, a classical tool in convex
geometry. We thus perform a Gale transform of v = (v1, . . . , vn), that is we
choose some vectors A = (A1, . . . , An) of Rn−d such that
(7.1) h(x) =
n∑
i=1
xivi = 0 ⇐⇒

x1 =〈A1, t〉
...
xn =〈An, t〉
for some t ∈ Rn−d
This leads to a short exact sequence
(7.2) 0 Rn−d Rn Rd 0k h
for
(7.3) k(t1, . . . , tn−d) = k(t) = (〈A1, t〉, . . . , 〈An, t〉)
As usual, we assume that the fan is standard and decompose h as in (3.28).
We note the following easy fact
Lemma 7.1. Set ~ = (~1, . . . , ~d). Then, for all i between 1 and d and
forall t ∈ Rn−d, one has
(7.4) 0 = 〈Ai, t〉+ ~i(〈Ad+1, t〉, . . . , 〈An, t〉)
Proof. Just compute h ◦ k using (3.28). 
and its corollary
Corollary 7.2. Assume that 〈Ai, t〉 belongs to Z for all i between d+ 1 and
n. Then (〈A1, t〉, . . . , 〈Ad, t〉) belongs to Γ.
Define
(7.5) i ∈ Iz ⇐⇒ zi 6= 0.
and set
(7.6) S = {z ∈ Cn | {1, . . . , n+ 1} \ Iz is a cone of ∆}
Observe the
Lemma 7.3. The set S is an affine toric variety.
Proof. The set S is the complement in Cn of a union of coordinate vector
subspaces and the classical torus Tn acts multiplicatively on it with a Zariski
dense orbit, that of (1, . . . , 1). 
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Define finally a (classical) fan ∆H in Rn with the lattice of integer points as
follows
(7.7) R+ · eI ∈ ∆H ⇐⇒ I is a cone of ∆
We have
Lemma 7.4. The fan ∆H is the fan of S .
Proof. By definition, R+ · eI is a cone of ∆H if and only if
(7.8) CI × TI¯ := {z ∈ Cn | zi 6= 0 for i 6∈ I}
is included in X(∆H), the toric variety associated to ∆H . But this occurs
if and only if I is a cone of ∆ by (7.7), hence X(∆H) is S by (7.6). 
We let now Cn−d 3 T act holomorphically on Cn 3 z through
(7.9) T · z := (ziE(〈Ai, T 〉))ni=1
Note that
Lemma 7.5. Action (7.9) preserves S and commutes with the action of
Tn on S .
We denote by A this action and we form the global quotient [S /A]. We
consider it as a stack over the site A. This is possible and pertinent thanks
to Lemmas 7.3 and 7.5 and proposition 2.2.
We have
Theorem 7.6. The stacks [S /A] and X cal∆,h,J are isomorphic.
Proof. We decompose S as the union of affine toric varieties CI × TI¯ for
every maximal cone I of ∆, cf. (7.8). We will show that
a) every [(CI × TI¯)/A] is isomorphic to QcalI ,
b) and that the natural gluings between such pieces, say encoded by I and
I ′ correspond through these isomorphisms to gluings of QcalI and Q
cal
I′
through A calII′
Hence, up to isomorphism, both stacks are obtained by descent of the same
collection (QcalI ,A
cal
II′ ), proving Theorem 7.6.
Let I = {i1, . . . , i|I|} be a maximal cone of ∆. If |I| is strictly less than d,
we choose some subset J = {j1, . . . , j|J |} of {1, . . . , n} \ I of complementary
cardinal d− |I|.
Let
(7.10) AI = {T ∈ Cn−d | 〈Ai, T 〉 ∈ Z for i ∈ I¯ \ J}
and consider the action of AI 3 T on C|I| × Td−|I| 3 z given by
(7.11)
zE(〈AI∪J , T 〉) := (z1E(〈Ai1 , T 〉), . . . , z|I|E(〈A|I|, T 〉),
z|I|+1E(〈Aj1 , T 〉), . . . , zdE(〈Aj|J| , T 〉))
The first key remark is the following
Lemma 7.7. The stacks [(CI ×TI¯)/A] and [(C|I|×Td−|I|)/AI ] are isomor-
phic.
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Proof of Lemma 7.7. We consider the transverse section
(7.12) TI := {z ∈ CI × TI¯ | zi = 1 for i ∈ I¯ \ J}
and will compute its intersection with an orbit of CI×TI¯ through the action
(7.11). Hence we write
i ∈ I¯ \ J ziE(〈Ai, T 〉) = 1
This gives a solution which is unique up to addition of an element of AI ,
i.e. the map
(7.13) z ∈ TI 7−→ (zi1 , . . . , zi|I| , . . . , zj|J|) ∈ CI × TI¯
defines an isomorphism between the stack [(CI×TI¯)/A] and the stack [(C|I|×
Td−|I|)/AI ] as wanted. 
Let AI send vik onto ek and vjk onto e|I|+k. Let HI be an isomorphism of
Rn sending eik onto ek and ejk onto e|I|+k and making the diagram (6.25)
commutative. Then, defining LI and Q
cal
I as in (6.26) and (6.27),
Lemma 7.8. The stacks QcalI and [(C|I| × Td−|I|)/AI ] are equal.
Proof of Lemma 7.8. Setting hI = Id+~I , it follows from (6.25) and Lemma
7.1 that
(7.14) 〈Ai, T 〉 = −(~I)i(〈AI¯\J , T 〉) for i ∈ I ∪ J
hence, action LI and (7.11) are exactly the same action. 
Lemmas 7.7 and 7.8 proves a).
Let now I and I ′ two maximal cones (associated to J and J ′ if necessary)
with non-empty intersection. We need to understand the gluing between
[(C|I∩I′| × Td−|I∩I′|)/AI ] and [(C|I∩I′| × Td−|I∩I′|)/AI′ ]. In other words,
starting from a point z ∈ TI , we need to understand the intersection of its
orbit with the transverse section TI′ .
This is similar to the computation we made in the proof of Lemma 7.7. The
arrow is a composition of several maps. Firstly,
(7.15) z ∈ C|I∩I′| × Td−|I∩I′| 7−→ w := H−1I (z, 1) ∈ TI
is the inverse map to (7.13). Secondly,
(7.16) w 7−→ w′ := wE(〈A, T0〉) ∈ TI′
with T0 determined by the equations
(7.17) wiE(〈Ai, T 〉) = 1 i ∈ I¯ ′ \ J ′
Thirdly,
(7.18) w′ 7−→ HI′(w′) =: (z′, 1)
and finally projects onto z′ ∈ C|I∩I′| × Td−|I∩I′|.
Let us rewrite this composition in restriction to Td. It firstly maps z = E(Z)
to H−1I (E(Z, 0)) = E(H
−1
I (Z, 0)) ; secondly to E(H
−1
I (Z, 0)+ 〈A, T0〉) ; and
thirdly to
(7.19) HI′(E(H
−1
I (Z, 0) + 〈A, T0〉)) = E(HII′(Z, 0) +HI′(〈A, T0〉))
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Now, using (7.17) and (7.14), we have
HI′(〈A, T0〉) = (~I′(WI¯′\J ′ ,−WI¯′\J ′))
hence
E(HII′(Z, 0) +HI′(〈A, T0〉)) = E((WI′∪J ′ ,WI¯′\J ′)) + (~I′(WI¯′\J ′ ,−WI¯′\J ′))
= E(hI′(WI′∪J ′ ,WI¯′\J ′), 0)
= E(hI′HII′(Z, 0), 0)
= E(AII′hI(Z, 0)) by (6.25)
= E(AII′Z)
= zAII′
exactly as for the gluings defined in (6.33). This proves b). 
Corollary 7.9. The stack morphism h : S → X cal∆,h,J is an atlas for
X cal∆,h,J , that is the diagram
(7.20)
Cm ×S S
S X cal∆,h,J
action
pr2

h
h
2-commutes.
In particular, for every object T of A, we have
(7.21)
T
Cm ×S S
S X cal∆,h,J
u
v
(a,u)
action
pr2

h
h
where the action satisfies a · u = v.
7.2. Quantum GIT and holonomy groupoid. Secondly, (7.9) defines
also a holomorphic foliation on S . The leaves are the orbits of this action.
We may thus form its e´tale holonomy groupoid, see [46, §5.2] for the defini-
tion of the e´tale holonomy groupoid.
To do this, we need a complete set of transverse sections to the foliation.
We take the set (TI)I maximal cone of ∆. We identify each TI with C|I|×Td−|I|
through (7.13).
The set of morphisms encode the holonomy morphisms, that is local mor-
phisms between transverse sections which identifies a point z in some transver-
sal TI with the intersection of the leaf through z and some other transversal
TI′ .
Taking into account Section 7.1, we dispose of a complete description of
these holonomy morphisms. From the one hand, the holonomy morphisms
fixing a transversal C|I| × Td−|I| are holomorphic maps
(7.22) z ∈ C|I| × Td−|I| 7−→ zE(〈AI∪J , T 〉) ∈ C|I| × Td−|I|
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for T belonging to AI , cf. (7.10) and (7.11).
However, one must take care of the fact that different T and T ′ in AI may
give the same holonomy morphism (7.22). They must be identified in the
holonomy groupoid. Now, we know from Lemma 7.8 that it is the case if
and only if
~I(〈AI¯\J , T 〉) = ~I(〈AI¯\J , T ′〉)
In other words, such a holonomy morphism is uniquely encoded by
~I(〈AI¯\J) ∈ ~I(Zn−d)
But ~I(Zn−d) is ΓI and the conclusion of all that preceeds is that the holo-
nomy morphisms of C|I| × Td−|I| are transformations of the group action
(7.23) (p, z) ∈ Γ˜I × C|I| × Td−|I| 7−→ z · E(p) ∈ C|I| × Td−|I|
From the other hand, the holonomy morphisms between TI and TI′ give rise
to holomorphic maps defined on
C|I∩I
′| × Td−|I∩I′| ⊂ C|I| × Td−|I|
and obtained as the compositions of (7.15), (7.16) and (7.18).
However, these compositions are only locally well defined since they corre-
spond to local determinations of the stack morphism z 7→ zAII′ . And locally
here means locally for the euclidean topology, not locally for the Zariski
topology, which is the topology we use in the definition of our site A. This
is a real problem as we cannot replace TI with an adequate covering. So to
avoid it, we modify the construction of the holonomy groupoid in a different
manner and replace the transversal C|I| × Td−|I| with C|I| × Cd−|I| through
the map (z, w) 7→ (z, E(w)).
Hence we replace (7.22) with
(7.24) (p, z, w) ∈ Γ˜I × C|I| × Cd−|I| 7−→ (z · E(p1), w + p2) ∈ C|I| × Cd−|I|
where p = (p1, p2) ∈ C|I| × Cd−|I|. We denote the corresponding holonomy
morphisms by holI,p. And we consider the induced holonomy morphisms
(7.25) (z, w) ∈ C|I∩I′| × (T|I\I′| × Cd−|I|) 7−→ (zE(BII′w), A˜II′w)
where we set
AII′ =
(
I|I∩I′| BII′
0 A˜II′
)
We denote them by holII′ . Then we may compose (7.24) and (7.25) and so
on. Indeed, given any path of maximal cones I = (I1, . . . , Ik) with I1∩. . .∩Ik
non-empty, we may consider the composition
(7.26) holIk,pk ◦ holIk−1Ik ◦ . . . ◦ holI1I2 ◦ holI1,p1
defined on C|I1∩...∩Ik| × T|I1\(I2∪...∪Ik)| × Cd−|I|.
We are in position to describe the groupoid. The set of objects of our
groupoid, say G1 ⇒ G0, is given by the disjoint union
(7.27)
⊔
I maximal cone
C|I| × Td−|I|
For any path I as above, we define
(7.28) Γ˜I × C|I1∩...∩Ik| × T|I1\(I2∪...∪Ik)| × Cd−|I| ⇒ G0
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The source map is the projection onto the I1 component of G0 and the target
map is the compositions of maps (7.24) and (7.25) corresponding to I.
Finally, take the disjoint union of all components (7.28) and divide by the
following equivalence relation. Two points are equivalent if they have same
source and target and correspond to two holonomy morphisms (7.26) which
are equal as holomorphic self-maps of C|I1∩...∩Ik| × T|I1\(I2∪...∪Ik)| × Cd−|I|.
This gives G1.
We have
Theorem 7.10. The stackification of the holonomy groupoid G1 ⇒ G0 over
A is X∆,Γ,v.
In other words, X∆,Γ,v is the leaf stack of the foliation defined by (7.9).
This can be reformulated as follows. For each maximal cone I, the object
C|I| × Td−|I| × E(ΓI) C|I| × Td−|I|
C|I| × Td−|I|
mI
pr
defines, via Yoneda’s lemma, a morphism from C|I| × Td−|I| to QI . And all
these morphisms combine into a morphism, say m from G0 to X∆,Γ,v.
Corollary 7.11. The stack morphism m : G0 → X∆,Γ,v is an atlas for
X∆,Γ,v, that is the diagram
(7.29)
G1 G0
G0 X∆,Γ,v
t
s

m
m
2-commutes.
Example 7.12. Let
v1 = e1 v2 = e2 v3 = −e1 − e2 v4 = −e1 v5 = −e2
be the fan of the blow-up of P2 at two invariant points (or equivalently that
of P1 × P1 at one invariant point) and let h sending x ∈ Z5 to ∑xivi in Z2.
Straightforward computations show that
A1 = (1, 1, 0) A2 = (1, 0, 1) A3 = (1, 0, 0)
and A4 = (0, 1, 0) A5 = (0, 0, 1)
is a Gale transform of (v1, . . . , v5) and
S = C5 \ ({z1 =z3 = 0} ∪ {z1 = z4 = 0}
∪ {z2 = z3 = 0} ∪ {z2 = z5 = 0} ∪ {z3 = z5 = 0}
)
The (classical) quotient of S by the action (7.9) is the blow-up of P2 at
two invariant points, that is X∆,Γ,v. We recover the GIT construction of
classical toric varieties, see also [44]. The quotient stack of S by (7.9), that
is X cal∆,h,J , is a gerbe with band Z3 over the blow-up of P2 at two invariant
points. Observe that we cannot obtain a gerbe with smaller band.
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Taking −αe1 − βe2 with α and β positive as new definition of v3 but
letting h unchanged, a new Gale transform is now
A1 = (α, 1, 0) A2 = (β, 0, 1) A3 = (1, 0, 0)
and A4 = (0, 1, 0) A5 = (0, 0, 1)
and S is unchanged. We obtain Quantum versions of the blow-up of P2 at
two invariant points, resp. the gerbe with band Z3 over the blow-up of P2
at two invariant points as X∆,Γ,v, resp. X
cal
∆,h,J .
8. LVMB Theory
We give a short survey of LVM manifolds, see [21], [41], [42] and [44], and
LVMB manifolds, see [12].
8.1. LVM manifolds. Given Λ = (Λ1, . . . ,Λn) a n-uple of vectors of Cm
fulfilling
(1) the Siegel condition: 0 belongs to the convex hull H (Λ) of the vec-
tors Λi in Cn.
(2) the Weak Hyperbolicity condition: take I a subset of {1, . . . , n} and
let ΛI be the corresponding set. Then, if 0 ∈H (ΛI), we must have
Card I ≥ 2m+ 1.
We associate to it a LVM manifold NΛ constructed as follows. Define
(8.1) S := {z ∈ Cn | 0 ∈H (ΛIz)}
where Iz is defined as in (7.5).
Then Nλ is the quotient of the projectivization P(S) by the holomorphic
action
(8.2) (T, [z]) ∈ Cm × P(S) 7−→ [zi exp〈Λi, T 〉]i=1,...,n
It is a compact complex manifold of dimension n −m − 1, which is either
a m-dimensional compact complex torus (for n = 2m+ 1) or a non Ka¨hler
manifold (for n > 2m+ 1).
8.2. LVMB manifolds. In [12], F. Bosio gives a generalization of the pre-
vious construction. The idea is to relax the weak hyperbolicity and Siegel
conditions on Λ and to look for all the subsets S of Cn such that action (8.2)
is free and proper.
To be more precise, let n ≥ 2m + 1 and let Λ = (Λ1, . . . ,Λn) be a con-
figuration of n vectors in Cm. Let also E be a non-empty set of subsets of
{1, . . . , n} of cardinal 2m+ 1 and set
(8.3) S = {z ∈ Cn | Iz ⊃ E for some E ∈ E }
Assume that
(i) For all E ∈ E , the real affine hull of (Λi)i∈E is the whole Cm.
(ii) For all couples (E,E′) ∈ E × E , the convex hulls H ((Λi)i∈E) and
H ((Λi)i∈E′) have non-empty interior with non-empty intersection.
(iii) For all E ∈ E and for every k ∈ {1, . . . , n}, there exists some k′ ∈ E
such that E \ {k′} ∪ {k} belongs to E .
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Then, action (8.2) is free and proper [12, The´ore`me 1.4]. We still denote it
by NΛ althought it also depends on the choice of S. As in the LVM case,
it is a compact complex manifold of dimension n −m − 1, which is either
a m-dimensional compact complex torus (for n = 2m + 1) or a non ka¨hler
manifold (for n > 2m+ 1).
Assume now that (Λ1, . . . ,Λn) is an admissible configuration. Let
(8.4) E = {I ⊂ {1, . . . , n} | 0 ∈H ((Λi)i∈I},
then (8.3) and (8.1) are equal, the previous three properties are satisfied and
the LVMB manifold is exactly the LVM manifold of section 8.1.
We say that Λi, or simply i, is an indispensable point if every point z of
S satisfies zi 6= 0. We denote by k the number of indispensable points.
In the sequel, a LVMB datum or LVMB configuration is a couple (S,Λ)
satisfying the above hypotheses. It is a LVM datum or LVM configuration if
S satisfies (8.4) in addition. In that case, S is completely determined by Λ.
8.3. LVMB manifolds as equivariant compactifications. Observe that
(C∗)n acts by multiplication on S with an open and dense orbit, making it
a toric variety. This action commutes with projectivization and with (8.2),
making of NΛ an equivariant compactification of an abelian Lie group, say
GΛ so are objects of the category G. A straightforward computation shows
the following [41, p.27]
Proposition 8.1. Assume that
(8.5) rankC
(
Λ1 . . . Λm+1
1 . . . 1
)
= m+ 1.
Then GΛ is isomorphic to the quotient of Cn−m−1 by the Zn−1 abelian sub-
group generated by (Id,BΛA
−1
Λ ) where
(8.6) AΛ =
t(Λ2 − Λ1, . . . ,Λm+1 − Λ1)
and
(8.7) BΛ =
t(Λm+2 − Λ1, . . . ,Λn−1 − Λ1).
Remark 8.2. It is easy to prove that
rankC
(
Λ1 . . . Λn
1 . . . 1
)
= m+ 1.
(cf. [44, Lemma 1.1] in the LVM case). Hence, up to a permutation, condi-
tion (8.5) is always fulfilled.
Definition 8.3. We say that NΛ and NΛ′ are G-biholomorphic if there
exists a Lie group isomorphism between GΛ and GΛ′ which extends as a
(GΛ, GΛ′)-equivariant biholomorphism between NΛ and NΛ′ .
More generally, a G-morphism is a holomorphic map from NΛ to NΛ′
which restricts to a Lie morphism from GΛ to GΛ′ .
We notice the following important fact.
Lemma 8.4. Let (S,Λ) be a LVMB data. Then, for any A ∈ GLm(C) and
B ∈ Cm, the couple (S, AΛ +B) is also a LVMB datum. Moreover, NΛ and
NAΛ+B are G-biholomorphic.
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Proof. The conditions on E are affine conditions, hence invariant when re-
placing Λ with AΛ +B. Then observe that[
zi exp〈Λi, AT 〉
]
i=1,...,n
=
[
zi exp〈 tAΛi +B, T 〉
]
i=1,...,n
hence the identity descends as a biholomorphism between NΛ and NAΛ+B.
This is obviously a G-biholomorphism. 
8.4. The associated polytope of a LVM manifold. In this section, NΛ
is a LVM manifold. The manifoldNΛ embeds in Pn−1 as the C∞ submanifold
(8.8) N = {[z] ∈ Pn−1 |
n∑
i=1
Λ|zi|2 = 0}.
It is crucial to notice that this embedding is not arbitrary but has a clear
geometric meaning. Indeed, it is proven in [41] that action (8.2) induces a
foliation of S; that every leaf admits a unique point closest to the origin (for
the euclidean metric); and finally that (8.8) is the projectivization of the set
of all these minima10. So we may say that this embedding is canonical.
The maximal compact subgroup (S1)n ⊂ (C∗)n acts on S, and thus on NΛ.
This action is clear on the smooth model (8.8). Notice that it reduces to a
(S1)n−1 since we projectivized everything.
The quotient of NΛ by this action is easily seen to be a simple convex
polytope of dimension n − 2m − 1, cf. [42] and [44]. Up to scaling, it is
canonically identified to
(8.9) KΛ := {r ∈ (R+)n |
n∑
i=1
Λri = 0,
n∑
i=1
ri = 1}.
It is important to have a description of KΛ as a convex polytope in Rn−2m−1.
This can be done as follows. Take a Gale diagram of Λ, that is a basis of
solutions (v1, . . . , vn) over R of the system
(8.10)

n∑
i=1
Λixi = 0
n∑
i=1
xi = 0
Take also a point  in KΛ. This gives a presentation of KΛ as
(8.11) {x ∈ Rn−2m−1 | 〈x, vi〉 ≥ −i for i = 1, . . . , n}
This presentation is not unique. Indeed, taking into account that KΛ is
unique only up to scaling, we have
Lemma 8.5. The projection (8.11) is unique up to action of the affine group
of Rn−2m−1.
On the combinatorial side, KΛ has the following property. A point r ∈ KΛ
is a vertex if and only if the set I of indices i for which ri is zero is maximal,
that is has n− 2m− 1 elements. Moreover, we have
(8.12) r is a vertex ⇐⇒ S ∩ {zi = 0 for i ∈ I} 6= ∅ ⇐⇒ 0 ∈H (ΛIc)
10This is a sort of non-algebraic Kempf-Ness Theorem.
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for Ic the complementary subset to I in {1, . . . , n}. This gives a numbering
of the faces of KΛ by the corresponding set of indices of zero coordinates.
To be more precise, we have
(8.13)
J ⊂ {1, . . . , n} is a face of codimension Card J
⇐⇒ S ∩ {zi = 0 for i ∈ J} 6= ∅ ⇐⇒ 0 ∈H (ΛJc)
In particular, KΛ has n− k facets. Observe, moreover, that the action (8.2)
fixes S ∩ {zi = 0 for i ∈ J}, hence its quotient defines a submanifold NJ of
NΛ of codimension Card J.
Also, (8.13) implies that
(8.14) S = {z ∈ Cn | Icz is a face of KΛ}
8.5. The canonical foliation of a LVMB manifold. Going back to GΛ,
we see that its Lie algebra is generated by the linear vector fields zi∂/∂zi
for i = 1, . . . , n. Due to the quotient by (8.2), they only generate a vector
space of dimension n−m− 1 as needed. Amongst these n−m− 1 linearly
independent vector fields, we can find m of them which extend to S without
zeros and which generates a locally free action of Cm onto S. For example,
we can take the vector fields
(8.15) ηi(z) =
〈
Re Λi,
n∑
j=1
zj
∂
∂zj
〉
,
cf. [44, Theorem A] (this is proved only in the LVM case, but the general-
ization is obvious).
We denote by FΛ the foliation induced by this action. It is easy to check
that FΛ is independent of the choice of vector fields. Indeed, changing
the vector fields just means changing the parametrization of FΛ, that is
changing the Cm-action by taking a different basis of Cm. The leaf space of
FΛ is the quotient space of P(S) by the action
(8.16) [z] · (T, S) := [zi exp(〈Re Λi, T 〉+ 〈Im Λi, S〉)]ni=1 ∈ P(S)
Assume now that we are in the LVM case. Pull back the Fubini-Study
form of Pn−1 to the embedding (8.8). This is the canonical Euler form ω of
Λ, as defined in [44]. It is a representative of the Euler class of a particular
S1-bundle associated toNΛ, hence the name. ThenFΛ is transversely ka¨hler
with transverse ka¨hler form ω. For our purposes, we will not focus on ω but
on the ray R>0ω it generates (this is also the case in [44]).
Going back to the general case, recall that Λ fulfills condition (K) if (8.10)
admits a basis of solutions with integer coordinates; and that Λ fulfills con-
dition (H) if (8.10) does not admit any solution with integer coordinates.
If condition (K) is fulfilled, then FΛ is a foliation by compact complex tori
and the quotient space is a toric orbifold, see [44] which contains a thorough
study of this in the LVM case and see [20] for the LVMB case.
We just note here that, in the LVM case, even if condition (K) is not satis-
fied, the foliation FΛ has some compact orbits. Indeed, let I be a vertex of
KΛ. Then, by (8.12), 0 belongs to H (ΛIc), so by [44, Lemma 1.1],
(8.17) rankC
(
Λic1 . . . Λic2m+1
1 . . . 1
)
= m+ 1.
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Hence, up to performing a permutation, we may assume at the same time
(8.5) and
(8.18) I ∩ {1, . . . ,m+ 1} = ∅.
We have
Proposition 8.6. For each vertex I of KΛ, the corresponding submanifold
NI is a compact complex torus of dimension m and is a leaf of F . Moreover,
assume that Λ satisfies (8.5) and (8.18). Then, letting BI denote the matrix
obtained from (8.7) by erasing the rows Λi − Λ1 for i ∈ I, the torus NI is
isomorphic to the torus of lattice (Id,BIA
−1
Λ ).
9. Quantum Torics and LVMB manifolds
In this section, we investigate the relationship between LVMB manifolds
and complete simplicial calibrated Quantum Torics. It culminates in an
equivalence category which is precisely stated and proved in Theorem 9.19.
9.1. LVMB manifolds from Quantum Torics. We slightly modify the
construction of Section 7 to construct LVMB manifolds from some special
complete simplicial Quantum varieties.
Warning 9.1. In this Section, all LVMB configurations count n+1 vectors.
We start with the following definition.
Definition 9.2. Let (∆, h) be a calibrated Quantum Fan. We say that
(∆, h) is even if
i) It is a complete simplicial calibrated Quantum Fan of maximal length.
ii) n− d is even.
As usual, set vi = h(ei) for i = 1, . . . , n. We add the vector
(9.1) vn+1 = −v1 − . . .− vn
and consider the extended configuration v = (v1, . . . , vn+1).
Remark 9.3. The couple (v,∆) is exactly a balanced triangulated vector
configuration as defined in [6].
As in Section 7 and as in [41], [42], [44] and [6], we perform a Gale
transform of v = (v1, . . . , vn+1). Note however that this is in a slightly
different sense as in Section 7. We choose some vectors A = (A1, . . . , An+1)
of Rn−d such that
(9.2)
n+1∑
i=1
xivi = 0
n+1∑
i=1
xi = 0

⇐⇒

x1 =〈A1, t〉
...
xn+1 =〈An+1, t〉
for some t ∈ Rn−d
Remark 9.4. The choice of A is unique up to action of GLn−d(R). Also,
the same A is a Gale transform for any affine transform of v, thanks to the
balanced condition. Comparing with the original Gale transform used in
Section 7, this one could be thought of as an affine version.
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Remark 9.5. A slightly different definition of Gale transform is used in [6].
The relationship between the two notions of Gale transforms goes as fol-
lows.
Lemma 9.6. A set (A1, . . . , An+1) of n+1 vectors in Rn−d satisfies (9.2) if
and only if the set (A1−An+1, . . . , An−An+1) of n vectors in Rn−d satisfies
(7.1).
Proof. The proof is a straightforward calculation.
n∑
i=1
〈Ai −An+1, T 〉vi =
n+1∑
i=1
〈Ai −An+1, T 〉vi
=
n+1∑
i=1
〈Ai, T 〉vi − 〈An+1, T 〉
n+1∑
i=1
vi
=
n+1∑
i=1
〈Ai, T 〉vi

We define
(9.3) S∆ = {z ∈ Cn+1 | {1, . . . , n+ 1} \ Iz is a cone of ∆}
Let v = (v1, . . . , vn) and define S as in (7.6). Observe that (9.3) is the same
definition than that of S except that here we are in Cn+1, not in Cn. We
have indeed
Lemma 9.7. The affine toric variety S∆ is isomorphic to S × C∗.
Proof. The identity mapping from Cn+1 to Cn × C does the job. 
Let Cn−d 3 T act holomorphically on P(S∆) 3 [z] through
(9.4) T · [z] :=
[
zie
〈A,T 〉
]n+1
i=1
(compare with (7.9)).
Since the length n−d is even, we set m = (n−d)/2 and we consider Rn−d
as the complex Cm through
(9.5) (x1, . . . , x2m) ∈ Rn−d 7−→ (x1 + ix2, . . . , x2m−1 + ix2m) ∈ Cm
In particular, we denote by Λi, resp. Λ, the image of Ai, resp. A, through
this isomorphism.
We define the Λ-action onto the projectivization of S∆ as in (8.2).
Lemma 9.8. The couple (S∆,Λ) is a LVMB datum.
Proof. This is exactly [6, Proposition 2.1]. 
As usual, we let NΛ be the LVMB manifold and FΛ be the associated
foliation, cf. section 8. We notice the following fact
Lemma 9.9. Let 1 ≤ i ≤ n. The vector vi is a virtual generator if and only
if Λi is indispensable. Moreover, Λn+1 is also an indispensable point.
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Proof. Since (∆, h) is maximal, vi is a virtual generator if and only if it is
not a 1-cone generator. By (9.3), this is the case if and only if S∆ does not
intersect {zi = 0}, i.e. if and only if Λi is indispensable. Analogously, since
S∆ does not intersect {zn+1 = 0}, Λn+1 is also an indispensable point. 
In particular, we obtain a LVMB manifold with at least Λn+1 indispens-
able.
9.2. Quantum Torics from LVMB manifolds. Let (S,Λ) be a LVMB
datum. We assume that Λ is balanced, i.e. that
i)
∑n+1
i=1 Λi = 0.
ii) Λn+1 is indispensable.
Since S is an affine toric variety as well as its projectivization thanks to the
existence of an indispensable point; and since the action (9.4) preserves the
toric structure, we may define two stacks over A from this data. Firstly, the
quotient stack [NΛ/Cm], where Cm is the composition of the flows of the vec-
tor fields (8.15). Secondly, the leaf stack [NΛ/FΛ], that is the stackification
by torsors of the holonomy groupoid of FΛ.
There is a natural morphism from [NΛ/Cm] onto [NΛ/FΛ] with discrete
fibers. Hence both stacks admit a presentation by an e´tale complex Lie
groupoid.
Remark 9.10. The set of morphisms of a holonomy groupoid may be non-
Hausdorff. However, this is never the case here, because of the Hausdorff
presentation Cm ×NΛ ⇒ NΛ.
We claim that both stacks are Quantum Torics. To see this, first replace
the complex configuration Λ with the real configuration A using the isomor-
phism (9.5). Then, we need to define some configuration v satisfying (9.2).
But it is a classical fact that the Gale transform is invertible. In other words,
Lemma 9.11. The configuration A is a Gale transform of v, i.e. satisfies
(9.2), if and only if v is a Gale transform of A, i.e; satisfies
(9.6)
n+1∑
i=1
xiAi = 0
n+1∑
i=1
xi = 0

⇐⇒

x1 =〈v1, s〉
...
xn+1 =〈vn+1, s〉
for some s ∈ Rd
Proof. This is a straightforward computation. Both (9.2) and (9.6) are
equivalent to
n+1∑
i=1
〈Ai, t〉〈vi, s〉 = 0 for all t ∈ Rn−d, s ∈ Rd
and
n+1∑
i=1
Ai =
n+1∑
i=1
vi = 0

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Hence, using Lemma 9.11, let v be a Gale transform of A. Set
(9.7)

v = (v1, . . . , vn)
Γ = Zv1 + . . .+ Zvn+1 = Zv1 + . . .+ Zvn
x ∈ Zn 7−→ h(x) :=
n∑
i=1
xivi ∈ Γ
Define also ∆ by the equivalence
σI is a cone of ∆ ⇐⇒ I 6∈ E
and finally let J be the set of indispensable points of Λ (minus Λn+1, since
J is a subset of {1, . . . , n}). The following lemma is straightforward
Lemma 9.12. The calibrated Quantum fan (∆, h) is even.
As usual, letX cal∆,h,J be the corresponding calibrated Quantum Torics and
let X∆,Γ,v its image through f.
Theorem 9.13. Let (S,Λ) and (∆, h) as above. Then,
i) The stack [NΛ/FΛ] is isomorphic to the Quantum Toric Variety
X∆,Γ,v.
ii) The stack [NΛ/Cm] is isomorphic to the calibrated Quantum Toric
Variety X cal∆,h,J .
Proof. We note that [NΛ/Cm] is also given as the quotient stack [P(S∆)/C2m],
where C2m denotes the action (8.16). Using the isomorphism
z ∈ S 7−→ [z; 1] ∈ P(S∆)
which is a reformulation of Lemma 9.7, we may rewrite action (9.4) on S
as
(9.8) T · z := (ziE(〈Ai −An+1, T 〉))ni=1
This is exactly action (7.9) for the set (A2−An+1, . . . , An−An+1). Thanks
to Lemma 9.6 and Theorem 7.6, we obtain that this stack is isomorphic to
X cal∆,h,J . This proves ii).
As for i), rerunning the previous line of arguments for the leaf stack [NΛ/FΛ],
we see that it is isomorphic, firstly, to the leaf stack associated to action (9.4)
on S∆, and, secondly, to the leaf stack of action (9.8) on S , and, finally, to
X cal∆,h,J by use of Theorem 7.10. 
Remark 9.14. In the GIT construction of this section, the projective sets
P(S∆) are always isomorphic to affine ones by Lemma 9.7. Indeed this
lemma tells us that the corresponding LVMB has always an indispensable
point. This is due to the fact that at the beginning of our construction we
add the vector vn+1 before making a Gale transform, creating thus such an
indispensable point Λn+1.
Now, starting from any LVMB manifoldNΛ and its canonical foliationFΛ,
we may consider the leaf stack [NΛ/FΛ] and the quotient stack [NΛ/Cm].
If Λ has at least an indispensable point, we obtain a quantum toric variety,
resp. a calibrated quantum toric variety. But if it has no, we are in a
slightly more general situation. For example, we may obtain a Z2-gerbe
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over the blow up of P2 at two invariant points, cf. [44] and not a Z3-gerbe
as in Example 7.12.
However, this does not produce really different stacks. As shown in the
proof of Theorem 9.13, a stack [NΛ/Cm] can also be obtained as [P(S∆)/C2m].
But we may form the stack [S∆/C2m+1] where the additional factor t ∈ C
acts through z 7→ zE(t) gives a Z-gerbe over [P(S∆)/C2m]. And this stack is
a calibrated quantum toric. The situation is even better for [NΛ/FΛ] since
it will always give a quantum toric.
Still it highlights a difference of nature between Quantum Torics’ GIT
construction of Section 7 and LVMB construction of Section 8. The first
one starts from an open set of the affine space, whereas the second uses an
open set of the projective space.
Remark 9.15. In [7], L. Battisti shows that a LVMB datum (E ,Λ) is com-
pletely encoded in a pair (E,∆), where E is a 2m linear subspace of Rn and
∆ a subfan of the fan of Pn such that the projection map pi : Rn → Rn/E
is injective on the support of ∆, and such that the fan pi(∆) is complete in
Rn/E. This results can be recovered from Theorem 9.13 and Remark 9.14
identifying ∆ with the fan of P(S), and pi(∆) with the associated Quantum
Fan.
Remark 9.16. In [32], H. Ishida undertakes a thorough study of compact
complex manifolds X with a maximal torus action. Here the torus T is a
real torus - a product of circles - acting by biholomorphisms on X. Maximal
means that the action is effective and that the standard inequality
dimTx + dimT ≤ dimX
is an equality for some x ∈ X (Tx is the isotropy group at x). He proves that
the category Cmax of compact complex manifolds X with a maximal torus
action (with equivariant mappings as morphisms) is equivalent to a category
Fmax of rational fans ∆ together with a projection pi onto a complete, maybe
irrational, fan. Complete toric varieties and LVMB manifolds belong to
Cmax and form the building blocks of compact complex manifolds X with
a maximal torus action. The combinatorial datum in Fmax associated to
a LVMB manifold is exactly Battisti’s encoding described in Remark 9.15.
The difference between the LVMB case and the general case is that the
rational fan is no more supposed to be a subfan of a fan of Pn.
Like LVMB manifolds, compact complex manifolds X with a maximal
torus action are endowed with a canonical holomorphic foliation and one
can look at the leaf stack. It follows from Theorems 11.1 and 11.2 of [32]
and Theorem 3.3 of [31] that all these leaf stacks are Quantum Torics. The
marked fan of [31] is nothing else than the associated Quantum Fan and is
given by the complete fan pi(∆).
In other words, leaf stacks of compact complex manifolds X with a maxi-
mal torus action give atlases for Quantum Torics, even if they are not LVMB;
but do not give quotients different from Quantum Torics.
9.3. Equivalence of category between LVMB and Quantum Torics.
We begin with some definitions.
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Definition 9.17. A marked LVMB datum or marked LVMB configuration
is a triple (S,Λ, i) where (S,Λ) is a LVMB datum and i ∈ {1, . . . , n+ 1} is
an indispensable point.
Given a marked LVMB datum (S,Λ, i), then the map
(9.9) z = (z1, . . . , zn+1) ∈ S 7−→ (z1/zi, . . . , ẑi/zi, . . . zn+1/zi) ∈ Cn
descends as a toric isomorphism between P(S) and a toric affine open subset
of Cn. Call this open set Si.
We denote by J the set of indispensable points ofSi, that is j ∈ {1, . . . , n}
is indispensable if {wj = 0} does not intersect Si.
Definition 9.18. A S-morphism between two marked LVMB data (S,Λ, i)
and (S ′,Λ′, i′) is a a toric morphism Φ from Si to S ′i′ such that
i) For j 6∈ J ′, the j-th component Φj is a monomial with integer coefficients
in the variables (wi)i 6∈J .
ii) There exists a map s from J to J ′ such that, for j ∈ J ′, the j-th
component Φj satisfies
Φj(w) =

∏
i∈s−1(j)
wi if s
−1(j) 6= ∅
1 if s−1(j) = ∅
Let V ∗LVMB be the category whose objects are marked LVMB data and
whose morphisms are S-morphisms. The main result of this section is the
following theorem.
Theorem 9.19. The category V ∗LVMB is equivalent to the full subcategory
Qcaleven of Q
cal formed by calibrated Quantum Torics associated to an even
calibrated Quantum Fan.
Proof. Thanks to Lemma 8.4, every marked LVMB datum is S-isomorphic
to a marked LVMB datum (S,Λ, n + 1) such that Λ is balanced. More-
over, identifying Λ with A as usual using (9.5), we may assume, performing
another S-isomorphism if necessary that
(9.10) det(A1, . . . , An−d) 6= 0
Call S-normal a marked LVMB datum (S,Λ, n+1) satisfying (9.10) and with
Λ balanced. The previous remark can be reformulated by saying that the
natural injection of the set of S-normal configurations into the set of marked
LVMB configurations yields an equivalence category between V ∗LVMB and
the full subcategory of V ∗LVMB formed by the S-normal LVMB data. Call
V SLVMB this subcategory.
Define a functor g from V SLVMB to Q
cal
even as follows. Given (S,Λ, n+ 1) a
S-normal LVMB configuration, we associate to it the unique Gale transform
v satisfying
(9.11) vn−d+1 = e1, . . . , vn = ed
in addition to (9.2). Then define (v,Γ, h,∆) as in (9.7) and the lines below.
We set
(9.12) g(S,Λ, n+ 1) =X cal∆,h,J
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As for the morphisms, let Φ be a S-morphism from (S,Λ, n+1) to (S ′,Λ′, n+
1). Since Φ is given by monomials (see condition ii) of Definition 9.18), it is
equivariant with respect to the total action (7.9) and descends as a morphism
L between the Quantum ToricsX∆,Γ,v = fg(S,Λ, n+1) andX∆′,Γ′,v′ making
the following diagram commutative
(9.13)
Sn+1 S ′n+1
NΛ NΛ′
X∆,Γ,v X∆′,Γ′,v′
H :=Φ
h h’
fg fg
L
SinceSn+1, respectivelyS ′n+1, is nothing else than the open setS of (7.6),
resp. S ′, and since the set of indispensable points of Sn+1, respectively
S ′n+1, is the same that the set of virtual generators by Lemma 9.9, then
the couple (L ,H ) satisfies the conditions of Theorem 6.25 and thus defines
a calibrated toric morphism L cal between X cal∆,h,J and X
cal
∆′,h′,J ′ . Set
(9.14) g(Φ, φ) = L cal
Now, starting with L cal between X cal∆,h,J and X
cal
∆′,h′,J ′ , we associate to it
a unique couple (L ,H ) by Theorem 6.25. Comparing Theorem 6.25 and
Definition 9.18 shows that Φ is a S-morphism.
As a consequence, the functor g is fully faithful. But it is also essentially
surjective by Theorem 9.13. Hence it is an equivalence of categories. 
We emphasize that, in diagram (9.13), there is no arrow between NΛ and
NΛ′ . In other words, a S morphism does not descend as a G-morphism and
two S-isomorphic LVMB data may be associated to two non-biholomorphic
LVMB manifolds.
For later use in Section 11, we also define the more natural category
NLVMB of LVMB data and G-morphisms, and the full subcategory N
∗
LVMB
of balanced LVMB data with at least one indispensable point. They cor-
respond to LVMB manifolds which are either 2-connected or non simply-
connected.
10. Ka¨hlerianity
The Quantum Torics of this paper are constructed as stacks over the cat-
egory of affine toric varieties. However, they are not algebraic stacks, recall
Warning 2.3. This is due to the existence of isotropy groups isomorphic to
some power of Z. Of course, when the fan ∆ is rational, the isotropy groups
are finite and the quantum torics X∆,Γ,v is equivalent to a Toric Deligne-
Mumford stack of [9], hence to an algebraic stack. But note that the atlas
construction of Section 5 does not recover the structure of algebraic stack
because of the extensive use of the exponential map we make throughout
the whole construction.
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As an alternative to algebraicity, it is suggested in [35, §4.6] that Quantum
Torics are Ka¨hler. This can be made precise as follows. In the complete case,
thanks to Section 9, we can realize a Quantum Torics as the leaf stack of
a LVMB manifold by choosing a calibration satisfying the extra-conditions
detailed at the beginning of this section.
When X∆,Γ,v is equivalent to a classical complete simplicial toric variety,
it has a natural Ka¨hler structure, to wit Ka¨hler metrics and 2-forms. This
structure can be pulled-back to the above LVMB manifold as a transversely
Ka¨hler metric/form. This motivates the following definition.
Definition 10.1. A Quantum toric X∆,Γ,v with ∆ complete is Ka¨hler if it
is isomorphic to the leaf stack of a LVMB manifold with transversely Ka¨hler
canonical foliation, that is to say, it is the leaf stack of a LVM manifold.
By a Theorem of Ishida [30], the canonical foliation of a LVMB manifold
N is transversely ka¨hler if and only if N is in fact a LVM manifold. Hence,
we obtain
Theorem 10.2. A Quantum torics X∆,Γ,v with ∆ complete is Ka¨hler if
and only if ∆ is polytopal.
Remark 10.3. It may seem natural to say that a Quantum torics X∆,Γ,v
with ∆ complete is projective if there exists a toric embedding of X∆,Γ,v in
a Quantum projective space. Nevertheless, this definition is quite restrictive.
Indeed, let L be an injective toric morphism of a Quantum torics X∆,Γ,v
in some Quantum projective space of dimension N . Because of point iii)
in Definition 4.4, the associated linear mapping L must send the generators
v1, . . . , vp onto vectors of RN with integer coordinates. In other words,
Zv1 + . . .+ Zvn must be discrete in Rd.
Therefore this definition only works for fans that become rational after
replacing Γ with the smallest additive subgroup in which the generators vi
live. So, thinking of the identity map as a fan morphism from (∆,Zv1 +
. . .+ Zvn, v) to (∆,Γ, v) - a fan cover, this would be a cover in the classical
case -, we obtain than a projective Quantum Torics is rational up to a fan
cover.
All this shows that a more general setting is needed to understand pro-
jectivity.
11. Moduli Spaces
As a reward for all the efforts done to establish the foundations of Quan-
tum Torics, we derive now several moduli spaces of Quantum Torics. Thanks
to Theorems 5.18 and 6.24, they can be computed using only elementary lin-
ear algebra. It should be emphasized, however, that such results cannot be
obtained without the develpment of an entirely functorial point of view.
This is perhaps the most prominent reason for us to have defined quantum
toric varieties as stacks rather than quasifolds or diffeological spaces (even
though the diffeological space can recover the full stack in this case).
11.1. Moduli Spaces of Calibrated Quantum Tori. Let n > d > 0.
We are interested in the moduli space Mˆ d,n,∅torus of calibrated Quantum Tori
T calh,∅ with fixed d and n and empty set of virtual generators. Putting h in
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normal form (3.28), we see that it is completely determined by fixing the
values of ~(ed+1), . . . , ~(en). Hence it is given by
(11.1) Mˆ d,n,∅torus = {(vd+1, . . . , vn) ∈ (Rd)n−d}/ ∼
where two (n− d)-uples of vectors are equivalent if and only if there exists
a calibrated Quantum Fan isomorphism (L,H) between the corresponding
h functions. In particular, we endow Mˆ d,n,∅torus with the quotient topology
coming from the euclidean topology of (Rd)n−d.
Now, pick some h = Id+ ~ and let H ∈ GLn(Z). We look for some h′ in
normal form (3.28) and some L such that the diagram commutes
(11.2)
Γ ⊂ Rd Γ′ ⊂ Rd
Zn Zn
L
h
H
h′
Observe that L is determined by H, h and h′, since
Lei = Lhei = h
′Hei 1 ≤ i ≤ d
Moreover,
Lvi = Lhei = h
′Hei d+ 1 ≤ i ≤ n
Decomposing
(11.3) H =
(
H1 H2
H3 H4
)
and considering ~, respectively ~′, as the matrix (~(ed+1), . . . , ~(en)), resp.
(~′(ed+1), . . . , ~′(en)), the previous equations yield
L = H1 + ~′H3
and, assuming H1 + ~′H3 is invertible
~ = L−1(H2 + ~′H4) = (H1 + ~′H3)−1(H2 + ~′H4)
We thus have
Proposition 11.1. The moduli space Mˆ d,n,∅torus of calibrated Quantum Tori
T calh,∅ with fixed d and n and empty set of virtual generators is homeomorphic
to the quotient of (Rd)n−d by the following equivalence relation: v and v′ are
equivalent if there exists some H ∈ GLn(Z) with H1 + ~′H3 invertible such
that
(11.4) v′ = v ·H = (H1 + (vd+1, . . . , vn)H3)−1(H2 + (vd+1, . . . , vn)H4)
where we use decomposition (11.3).
Example 11.2. Let n = 2 and d = 1. In normal form, we write ~(y) = ay
for some a ∈ R. Hence Γ is equal to Z+ aZ. Let
H =
(
p r
q s
)
∈ GL2(Z)
and observe that the condition H1 + ~′H3 invertible translates into p + aq
is different from zero.
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Assume that a is irrational. Then p + aq is different from zero for all
(p, q) ∈ Z2 \ {0}, so (11.4) defines an action of GL2(Z) on a through the
equality
(11.5) a ·H = r + sa
p+ qa
Assume that a is a non-zero rational number. Set a = p/q with GCD(p, q)
equal to one. By Bezout, there exist some integers r and s such that ps+rq =
1. Then
p
q
·
(
r −p
s q
)
=
−p+ q(p/q)
r + s(p/q)
= 0
that is, a is equivalent to zero. To sum up, Mˆ 1,2,∅torus contains the quotient of
R\Q by the action (11.5) of GL2(Z) plus 0 whose equivalence class contains
all rational numbers.
We want to interpretate the moduli space T cald,n,∅ as a moduli space of
linear Rn−d-actions on a real torus Rn/Zn. To do that, we make use of Gale
transforms as in Section 7.1. So let (A1, . . . , An) satisfy (7.1). By Theorem
7.6, the calibrated torus T calh,∅ is isomorphic to the quotient stack [T
n/A].
The next step is to tropicalize the situation. Consider the log map
w ∈ Tn 7−→ logw := (log |w1|, . . . , log |wn|) ∈ Rn
and observe that
log(wE(〈A, T 〉)) = logw + 〈A,−2pi=T 〉
since all the Ai belong to Rn−d. Let t ∈ Rn−d act on x ∈ Rn by
B(t, x) = x+ 〈A, t〉
and set
T ∈ Cn−d 7−→ µ(T ) = −2pi=T
Then the log map is (A,B) equivariant. More precisely
log(A(w, T )) = B(µ(T ), x)
where x = logw. So it associates to a calibrated torus a unique linear Rn−d-
action on Rn. Such an action descends as an action on the real torus Rn/Zn.
We denote the real torus endowed with this action by logT calh,∅ .
Moreover, given a torus morphism (L,H) between two calibrated Quan-
tum Tori T calh,∅ and T
cal
h′,∅, we consider the R-version of (4.4)
(11.6)
0 Rn−d Rn Rd 0
0 Rn−d Rn Rd 0
K
i
H
h
L
i′ h′
Then (H,K) defines a linear equivariant map between logT calh,∅ and logT
cal
h′,∅,
to wit
H(x+ 〈A, t〉) = H(x+ i(t)) = Hx+ i′(K(t)) = Hx+ 〈A′,K(t)〉
Hence the log map associates to a calibrated torus morphism between T calh,∅
and T calh′,∅ a linear equivariant map between logT
cal
h,∅ and logT
cal
h′,∅. Com-
position is obviously preserved; and isomorphisms go to isomorphisms. Let
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QT caln,d,∅ be the category of calibrated Quantum Tori T
cal
h,∅ with fixed dimen-
sions n and d. And let N Cn,d be the category whose objects are Rn/Zn
endowed with a Rn−d-linear action and whose morphisms are linear equi-
variant maps. We just proved
Proposition 11.3. The log map induces an equivalence of category between
QT caln,d,∅ and N Cn,d.
And we have
Theorem 11.4. The moduli space Mˆ d,n,∅torus is homeomorphic to
i) the space of Rn−d-linear actions on Rn/Zn up to linear equivariant iso-
morphisms.
ii) the space of real Quantum Tori T nRn−d,~ up to Morita equivalence.
Proof. The first item is a direct consequence of Propositions 11.1 and 11.3.
The second item reformulates the first one using results of [52] which state
that Morita equivalence of real Quantum Tori is given by equivalence (11.4)
in the two-dimensional case (in (ii) the ~ refers to the ‘slope-parameter’ for
the Kronecker foliations described in the introduction). 
As a variant, we may also compute the moduli space Mˆ d,n,Jtorus of calibrated
Quantum Tori with fixed dimensions d and n and fixed non-empty set J . We
just treat the most interesting case, that is the maximal case. For the rest
of the subsection, we are thus interested in calibrated Quantum Tori with
Jmax = {d + 1, . . . , n}. As before, it is determined by the value of ~, that
is by a point in (Rd)n−d. But the morphisms are different. The previous
computations are still valid, but recall that a morphism H must preserve
the set of virtual generators, hence is associated to a permutation s of the
set Jmax. Hence, in (11.3), we have H2 = H3 = 0 and H4 is the matrix of s,
that is
(11.7) s = (s(ed+1, . . . , en)) = (es(d+1), . . . , es(n))
so that we have
Proposition 11.5. The moduli space Mˆ d,n,Jmaxtorus of calibrated Quantum Tori
T calh,Jmax with fixed d and n and set of virtual generators Jmax is homeomorphic
to the quotient of (Rd)n−d by the following action of GLd(Z)×Sn−d: given
v and (H1, s) we set
(11.8) v · (H1, s) = H−11 vs
Thinking of real Quantum Tori, then we see that Mˆ d,n,Jmaxtorus is homeomor-
phic to the space of real Quantum Tori T nRn−d,θ up to linear equivalence of
Rn preserving both the Rn−d-action and a fixed basis of Rn−d up to permu-
tation.
Finally,
Proposition 11.6. The moduli space Mˆ d,n,Jmax,∗torus of calibrated Quantum
Tori T calh,Jmax with fixed d and n and set of virtual generators Jmax up to
marked isomorphisms is homeomorphic to the quotient of (Rd)n−d by the
following action of GLd(Z): given v and H1 we set
(11.9) v ·H1 = H−11 v
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Thinking of real Quantum Tori, the difference with the previous interpre-
tation is that Mˆ d,n,Jmaxtorus is homeomorphic to the space of real Quantum Tori
T nRn−d,θ up to linear equivalence of R
n preserving both the Rn−d-action and
a fixed basis of Rn−d; no permutation of this fixed basis is allowed.
Remark 11.7. To define moduli spaces of Quantum Tori, one is faced with
the problem that the rank, that is the minimal number of generators of some
Γ in Rd is not stable when moving slightly Γ. For example Z+aZ has rank 1
if a is rational and rank 2 if a is irrational. So if we let M d,ntorus be the moduli
space of Quantum Tori of dimension d and rank n, then the same type of
computations show that M d,ntorus naturally injects in Mˆ
d,n,∅
torus but it misses the
dense subset of Γ with smaller rank. We will recover and explain this fact
in Section 11.3.
Of course, this problem disappears when calibrating the tori. Calibrations
are useful in moduli problems.
Remark 11.8. Allowing a non-empty set of virtual generators adds automor-
phisms acting as a permutation of this set. This explains the Sn−d factor
in the statement of Proposition 11.5.
Of course, this problem disappears when using marked isomorphisms.
Marking kill these extra automorphisms as shown by Proposition 11.6. This
will be crucial in Section 11.4.
11.2. Moduli Spaces of Γ-complete Quantum Torics. We consider
now moduli spaces of Γ-complete Quantum Torics. For that purpose, we
need to define the combinatorial type of a Quantum Fan and combinatorial
equivalence of Quantum Fans.
Definition 11.9. The combinatorial type of a Quantum Fan (∆, v) is the
poset comb(∆) of subsets I of {1, . . . , p} such that σI is a cone of ∆.
Moreover,
Definition 11.10. Two Quantum Fans (∆, v) and (∆′, v′) are combinato-
rially equivalent if
i) They have same number of 1-cones, say p.
ii) There exists a bijection of {1, . . . , p} which sends bijectively comb(∆)
onto comb(∆′).
Let D be the combinatorial type of some Γ-complete simplicial Quantum
Fan. We are interested in the moduli space MD,dtoric of Γ-complete simplicial
Quantum Torics X∆,Γ,v such that comb(∆) is equivalent to D. Thanks to
Theorem 5.18, it can alternatively be defined as
(11.10) MD,dtoric = {(∆, v) Quantum Fan in Rd | comb(∆) ' D}/ ∼
where ' means combinatorially equivalent in the sense of Definition 11.10
and ∼ is the isomorphism of Quantum Fans.
The permutation group Sp acts on {1, . . . , p} hence on D and we have
(11.11) comb(∆) ' D ⇐⇒ ∃s ∈ Sp s.t. comb(∆) = s ·D
We may assume that all Quantum Fans are standard, hence (∆, v) is entirely
described by vd+1, . . . , vp vectors of Rd. So making the following definition
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Definition 11.11. We say that the set of vectors v = (vd+1, . . . , vp) of Rd is
D-realizable if there exists a standard fan ∆ in Γ = Zd+Zvd+1+. . .+Zvp with
1-cone generators v1 = e1, . . . , vd = ed, vd+1, . . . , vp whose combinatorial
type is D.
we obtain that (11.10) can be rewritten as
(11.12) MD,dtoric =
{
v ∈ (Rd)p | v is D-realizable
}/ ∼
Since D is simplicial, being D-realizable is an open condition. Thus the set
between parenthesis in (11.12) is an open subset of (Rd)p−d.
As in Section 11.1, this description allows us to endow MD,dtoric with the
quotient topology coming from the euclidean topology of (Rd)p−d.
The computations are similar to those of Section 11.1. Indeed, v ∼ v′,
that is (∆, v) and (∆′, v′) are isomorphic Quantum Fans if and only if there
exists a permutation s ∈ Sp such that
i) The matrix (vs(1), . . . , vs(d)) is invertible.
ii) The linear isomorphism
(11.13) L := (vs(1), . . . , vs(d))
−1
sends vs(i) onto v
′
i for all i between 1 and n.
iii) comb(∆) = comb(∆′).
Observe that, by definition, L sends (vs(1), . . . , vs(d)) onto (e1, . . . , ed) which
is the same as (v′1, . . . , v′d). Hence point ii) is really meaningful for i > d.
We conclude
Theorem 11.12. The moduli space MD,dtoric is homeomorphic to the quo-
tient (11.12) of an open set of (Rd)n−d by the equivalence relation defined
in (11.13).
and
Corollary 11.13. The moduli space MD,dtoric can be endowed with a structure
of a real orbifold of dimension d(n− d).
Remark 11.14. By a real, respectively complex, orbifold, we mean a stack
over the category of C∞-manifolds, resp. complex manifolds (both with
usual euclidean coverings), with only finite isotropy groups.
Proof. The isotropy group of any v is a subgroup of Sp. 
Example 11.15. We treat the case of the Quantum projective planes.
Hence we take
(11.14) D = {1, 2, 3, 12, 23, 31}
and consider
(11.15) v = (a, b) ∈ R<0 × R<0
and
(11.16) Γ = Z2 ⊕ Zv
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A standard Quantum Fan of projective plane has combinatorial type D and
1-cone generators (e1, e2, v). This implies that (11.12) takes the form
(11.17) MD,2toric = (R
<0 × R<0)/S3
Observe that D is S3-invariant, hence there is only one component. Also,
condition i) in (11.13) is automatic, hence we really have a group action
here. We are left with computing it. Consider the generators (12) and (123)
of S3. They correspond to
(11.18) L1 =
(
0 1
1 0
)
and L2 =
(
0 1/b
1 −a/b
)
The isomorphism L1 exchanges e1 and e2 and sends v = (a, b) onto (b, a).
The isomorphism L2 sends e1 onto e2, and v onto e1 and finally e2 onto
(1/b,−a/b). In other words, setting
(11.19) σ(a, b) = (b, a) and τ(a, b) = (1/b,−a/b)
then we obtain
Theorem 11.16. The moduli stack of Quantum P2s is the real orbifold
[(R<0 ×R<0)/S3] where the S3-action is generated by the involution σ and
the trivolution τ defined in (11.19).
Points with isotropy can easily be computed. Firstly, only a = b = −1
is τ -invariant. Recall from Example 5.17 that this is the only point which
encodes the P2. Of course, it is also σ-invariant, so its isotropy group is the
full S3. Secondly, we obtain that
a) Points (a, a) with a 6= −1 have isotropy group equal to Z2, generated by
the involution σ.
b) Points (a,−1) with a 6= −1 have isotropy group equal to Z2, generated
by the involution σ ◦ τ .
c) Points (−1, b) with b 6= −1 have isotropy group equal to Z2, generated
by the involution τ ◦ σ.
All other points have trivial isotropy group.
The computations can easily be generalized to the case of Quantum
Pns for any n > 0. One finds that its moduli stack is the real orbifold
[(R<0)n/Sn] and the generators of the action can be computed. Here again,
the only point with isotropy group equal to Sn is (−1, . . . ,−1) correspond-
ing to the classical Pn.
11.3. Moduli Spaces of calibrated Quantum Torics of maximal length.
We finally consider moduli spaces MˆD,n,dtoric of calibrated Quantum Torics of
maximal length and fixed combinatorial type D. We assume that D contains
(at least) a cone of dimension d, hence the set of 1-cones of any Quantum Fan
with combinatorial type equivalent to D contains a basis of Rd. The com-
putations are similar to those of Section 11.1. Firstly, thanks to Theorem
6.24, we have
(11.20) MˆD,n,dtoric =
{
~ : Zn−d → Rd | ~(e1, . . . , ep) is
D-realizable
}/
∼
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where ∼means isomorphism of calibrated Quantum Fans of maximal length.
We denote by U the open set of (Rd)n−d appearing in (11.20) and endow
MˆD,n,dtoric with the quotient topology.
Then two calibrations ~ and ~′ define isomorphic calibrated Quantum
Torics if and only if there exists H in GLn(Z) which acts as a permutation
both on the set {v1, . . . , vp} of 1-cones and on the set {vp+1, . . . , vn} of virtual
generators. Hence H decomposes as a diagonal block matrix
(11.21) H =
(
s 0
0 t
)−1
with s ∈ Sp and t ∈ Sn−p. Note that s is not arbitrary but must satisfy
that (vs(1), . . . , vs(d)) is a basis of Rd. As usual, we take as convention that
H sends (vs(1), . . . , vs(d)) onto the canonical basis, hence the (−1)-exponent
in (11.21).
Starting with some ~ in U , then there exists a unique couple (L, h′) making
(11.2) commutative. To wit, the linear isomorphism L is given by (11.13)
and h′ is just LhH−1.
We thus obtain the following complete description of MˆD,n,dtoric .
Theorem 11.17. Fix 0 < d < n. Let D be the combinatorial type of a Fan
in Rd. Assume that D contains (at least) a cone of dimension d.
Then, the moduli space MˆD,n,dtoric of calibrated Quantum Torics of maximal
length and fixed combinatorial type D is homeomorphic to the quotient of
the open set
(11.22) {~ : Zn−d → Rd | ~(ed+1, . . . , en) is D-realizable}
by the equivalence relation
(11.23) ~ ∼ ~′ ⇐⇒ ∃(s, t) ∈ Sp ×Sn−p s.t. L exists and h′ = LhH−1
for L, respectively H, defined in (11.13), resp. (11.21).
and
Corollary 11.18. The moduli space MˆD,n,dtoric can be endowed with a structure
of a real orbifold of dimension d(n− d).
Proof. The isotropy group of any ~ is a subgroup of Sp ×Sn−p. 
Consider the special case where p = n, hence J = ∅. Forgetting the
calibration, it corresponds to the Γ-complete case treated in Section 11.2.
Indeed, we have
Corollary 11.19. The orbifold MˆD,n,dtoric and the orbifold M
D,d
toric are isomor-
phic.
Proof. Since p = n, the group occurring in (11.23) is just Sp. Then, com-
paring the statements of Theorems 11.12 and 11.17 yields the result. 
As an application of Corollary 11.19, we obtain directly the moduli stack
of trivially calibrated Γ-complete quantum deformations of P2 described in
Example 6.30.
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Corollary 11.20. The moduli stack of trivially calibrated Quantum P2s is
the real orbifold [(R<0 × R<0)/S3] where the S3-action is generated by the
involution σ and the trivolution τ defined in (11.19).
Proof. Combine Theorem 11.16 and Corollary 11.19. 
It is important to notice from Example 6.30 that the moduli stacks of
Corollary 11.20 (and more generally those of Theorem 11.16) consist of dif-
ferent Quantum Torics. Irrational points (that is points in R<0 × R<0 with
at least one irrationnal coordinate) are isomorphic but rational points are
not. In particular, the first one contains P2 whereas the second one contains
only a Z-gerbe over P2.
Hence, this isomorphism of moduli stacks needs an explanation. It comes
indeed from the following equivalence of category, which has its own interest.
We first need a definition.
Definition 11.21. A full subcategory C of Qcal is said to be ~-injective if
i) Every object of C has empty set of virtual generators.
ii) Every object of C has injective ~ function from Zn−d to Γ.
Then we state
Theorem 11.22. Let C be a ~-injective full subcategory of C . Then, the
forgetful functor f induces an equivalence of categories between C and the
subcategory f(C ) of Q.
Proof. We just restrict f to C . It is (essentially) surjective by definition so
we just need to check it is fully faithful. Now, given L between f(X cal∆,h,J)
and f(X cal∆′,h′,J ′), take the corresponding L and observe that h, respectively
h′ is a bijection from Zn to Γ, resp. from Zn′ to Γ′, since C is assumed to
be ~-injective. This implies that H := h′Lh−1 is well defined as linear map
from Zn to Zn′ making commutative the diagram (11.2). Since there is no
virtual generator, hence no further constraint to check on H, then (L,H)
satisfies the conditions of Theorem 6.25. This gives a well-defined morphism
L cal such that f(L cal) is equal to L . This finishes the proof. 
Examples 4.18 and 4.20 show that the condition of having empty set of
virtual generators is necessary.
From Theorem 11.22, we obtain a more precise version of Corollary 11.19.
Corollary 11.23. The functor f induces a stack isomorphism between the
orbifold MˆD,n,dtoric and the orbifold M
D,d
toric.
Proof. Apply Theorem 11.22 to the full subcategory C of Qcal formed by
the trivially calibrated Γ-complete Quantum Torics. 
We also obtain a direct proof of the injection of M d,ntorus in Mˆ
d,n,∅
torus , which
is asserted in Remark 11.7.
Corollary 11.24. The functor f induces a homeomorphism between the
subset of Mˆ d,n,∅torus consisting of calibrated Quantum Tori with rk(Γ) equal to
n and M d,ntorus.
Proof. Apply Theorem 11.22 to the full subcategory C of Qcal formed by
calibrated Quantum Tori T calh,∅ with rk(Γ) equal to n. 
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11.4. The case of the projective space. In Corollary 11.20, we describe
the moduli space of trivially calibrated Quantum P2s as a real orbifold and
the case of Quantum Pds follow easily, using also Example 11.15. The goal
of this section is to use LVMB manifolds and configurations to show that,
adding an even number of virtual generators, and using marked isomor-
phisms, the corresponding moduli space of Quantum Pds becomes a complex
orbifold.
So we start with an even calibrated Quantum Fan (∆, h) such that the
combinatorial type ∆0 of ∆ is that of a d-simplex and h sends the first d+ 1
vectors canonical basis of Rn onto
v1 = e1 . . . vd = ed vd+1 = −a1e1 − . . .− aded
with ai > 0 and the other ones onto some virtual generators vd+2, ..., vn.
We add vn+1 such that the sum of the vi’s is zero. We associate to it the
unique (affine) Gale transform (A1, . . . , An+1) satisfying
Ad+2 = e1 . . . An+1 = en−d
Since n − d is even, we transform it through (9.5) into a configuration
(Λ1, . . . ,Λn+1) with
(11.24) Λd+2 = e1 . . . Λn+1 = iem
with m equal to (n−d)/2. The (d+ 1)-uple (Λ1, . . . ,Λd+1) lives in the open
set
(11.25) Ω ⊂ {Z ∈ (Cm)d+1 | Z1 + . . .+ Zd+1 = (−1− i, . . . ,−1− i)}
The couple (Cd+1 \ {0} × Tn−d,Λ) is a LVMB datum by Lemma 9.8 with
indispensable points Λd+2, . . . ,Λn+1 by Lemma 9.9. We prove
Theorem 11.25. The moduli stack Mˆ∆0,d+1,d,∗toric of Quantum Pds up to
marked isomorphisms is the complex orbifold [Ω/Sd+1] where Sd+1 acts on
a configuration (Λ1, . . . ,Λd+1) ∈ Ω by permutation.
Proof. Let (L,H) be an isomorphism between (∆, h) and (∆, h′). We assume
that both are standard. Then H consists of a permutation s of {1, . . . , d+1}
and a permutation t of {d+2, . . . , n+1}. And L sends the 1-cone generators
v1, . . . , vd+1 onto v
′
s(1), . . . , v
′
s(d+1) and the virtual generators vd+2, . . . , vn+1
onto v′t(d+2), . . . , v
′
t(n+1). Since we only use marked isomorphisms, this forces
t to be the identity.
Through the Gale transform, H induces the permutation s onA1, . . . , Ad+1
and thus on Λ1, . . . ,Λd+1. Note that (11.24) is still verified, hence there is
no renormalization to do and we are done. 
Here the use of marked isomorphisms is crucial. Let (L,H) be an isomor-
phism between (∆, h) and (∆, h′), not necessarily a marked one. Recall the
isomorphism K of (11.6). We have
(11.26)
H(〈A1, T 〉, . . . , 〈An+1, T 〉) = (As(1), . . . , As(d+1),
At(d+2), . . . , At(n+1))
= (〈A′1,K(T )〉, . . . , 〈A′n+1,K(T )〉)
= (〈 tKA′1, T 〉, . . . , 〈 tKA′n+1, T 〉)
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If H is the permutation matrix of (s, t) as assumed in (11.26), then K is
nothing else than the permutation matrix of t. So, using marked isomor-
phisms means keeping K equal to the identity and we obtain that H induces
the permutation s on A1, . . . , Ad+1 and thus on Λ1, . . . ,Λd+1 as wanted.
If we now use arbitrary isomorphism, then (11.26) implies that H in-
duces the permutation s on (the columns of) A1, . . . , Ad+1 and the permu-
tation t on the rows of A1, . . . , Ad+1. Hence it induces the permutation s
on (the columns of) Λ1, . . . ,Λd+1 and the permutation t on the real rows
of Λ1, . . . ,Λd+1. But this does not produce always holomorphic transforma-
tions of Λ1, . . . ,Λd+1.
In other words, denoting by ΩR the set in (Rn−d)d+1 obtained by rewriting
Ω through (9.5), we have
Corollary 11.26. The moduli stack Mˆ∆0,d+1,dtoric of Quantum Pds is the real
orbifold [ΩR/Sd+1×Sn−d] where Sd+1, respectively Sn−d acts on a config-
uration (A1, . . . , Ad+1) ∈ ΩR by permuting its columns, resp. its rows.
Unfortunately, the case of Pn is very special. There seems to be no The-
orem analogous to Theorem 11.25 when ∆ is a more complicated complete
and Γ-complete fan. The technical reason for that is that such a fan would
have at least d+ 2 cones of dimension 1. Performing the same transforma-
tions as above, we encode every associated Quantum Torics as a (d+1)-uple
(Λ1, . . . ,Λd+1) living in the set Ω defined in (11.25). Now, if (L,H) is an
isomorphism between (∆, h) and (∆, h′), it acts as a couple of permutations
(s, t) ∈ Sp × Sn+1−p. Marking forces t to be the identity and we are left
with (s, Id). However, since p is at least d + 2, when applying (s, t) to a
configuration, we do not always obtain a configuration satisfying (11.24). Of
course, this just means that we have to renormalize the image configuration.
But renormalizing means applying a real linear transformation to Λ since
we want to fix the values of 2m of the Λis. Hence such a H defines a real,
a priori non holomorphic transformation of Ω, hence the associated moduli
stack is only a real orbifold.
11.5. Moduli of LVMB manifolds. To obtain complex orbifolds as mod-
uli stacks, we must consider moduli stacks of the categories NLVMB and
N ∗LVMB, that is of LVMB manifolds up to G-biholomorphisms.
Fix S and let (S,Λ) be a LVMB datum. We want to compute the moduli
spaceMSm,n of G-biholomorphism classes of LVMB manifolds obtained from
a datum (S,Λ′) with m′ = m and n′ = n. We assume that
(11.27) S = Tk × S0 and S0 is simply-connected
which implies that
(11.28) Λi is indispensable ⇐⇒ i ≤ k
We also assume that
(11.29) Tm+1 × {0} ⊂ S
hence (Λ1, . . . ,Λm+1) are affinely independent, i.e. (8.5) is satisfied.
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It follows that there exists an affine transformation of Cm sending Λ onto
a configuration (which we still denote by Λ) satisfying
(11.30) Λ1 = ie1, Λ2 − Λ1 = e1, . . . , Λm+1 − Λ1 = em
for (e1, . . . , em) the canonical basis of Cm. By Lemma 8.4, this does not
change NΛ up to G-biholomorphism.
In the same way, every G-biholomorphism class [NΛ′ ] of MSm,n can be
represented by a configuration Λ′ satisfying (8.5), (11.28) and (11.30). Ob-
serve that since we fix S, the number of indispensable points k is fixed and
equal to the first Betti number of S.
So we may encode the LVMB data we need in an open set TS in (Cm)n−m−1.
Assume now that NΛ′ is G-biholomorphic to NΛ with Λ and Λ
′ belonging
to TS . Then, GΛ and GΛ′ are isomorphic Lie groups. Hence, their universal
cover are isomorphic as Lie groups. Using the presentation given in Propo-
sition 8.1, this shows that there exists a matrix M in GLn−m−1(C) which
sends the lattice of GΛ bijectively onto that of GΛ′ . Using notations (8.6)
and (8.7), this means that there exists a matrix P in GLn−1(Z) such that
(11.31) M(Id,BΛA
−1
Λ ) = (Id,BΛ′A
−1
Λ′ )P.
Decomposing P as
(11.32) P =
(
P1 P2
Q1 Q2
)
with P1 a square matrix of size n −m − 1 and Q2 a square matrix of size
m, we obtain
(11.33) MBΛA
−1
Λ = (P1 +BΛ′A
−1
Λ′ Q1)BΛA
−1
Λ = P2 +BΛ′A
−1
Λ′ Q2.
Because of (11.30), this means that
(11.34) tBΛ = (
tP2 +
tQ2
tBΛ′)(
tP1 +
tQ1
tBΛ′)
−1
that is
Proposition 11.27. The moduli space MSm,n is the quotient of TS by the
action of GLn−1(Z) described in (11.34).
We claim
Theorem 11.28. If the number k of indispensable points is less than m+1,
then the moduli space MSm,n can be endowed with a structure of a complex
orbifold.
Proof. From the previous description and Remark 11.14, it is enough to
prove that the stabilizers of action (11.34) are finite. Let f be a G-biholo-
morphism of NΛ. Set
(11.35) S1 = {w ∈ Cn−m−1 | (1, . . . , 1, w) ∈ S}.
Observe that (11.35) is a cover of the quotient N1 of S ∩ {z1 · · · zm+1 6= 0}
by the action (8.2). Indeed, we have a commutative diagram
(11.36)
(C∗)n−m−1 S1 S
GΛ N1 NΛ
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where the horizontal maps are inclusions and the first two vertical ones
are covers. Then, up to composing with a permutation of Cn, we may
assume that f sends N1 onto itself. Because of assumption (11.28), the
set (11.35) is simply-connected, since it is in fact equal to S0. Hence it is
the universal cover of N1 and the restriction of f to N1, say f1, lifts to a
biholomorphic map F1 of S1. More precisely, S1 is equal to Cn−m−1 minus a
finite union of codimension 2 vector subspaces, hence by Hartogs, F1 extends
as a biholomorphism of Cn−m−1.
On the other hand, the restriction of f to GΛ is a Lie isomorphism of GΛ
and lifts as a Lie isomorphism F˜ of its universal cover Cn−m−1. And we
have a commutative diagram
(11.37)
Cn−m−1 (C∗)n−m−1
Cn−m−1 (C∗)n−m−1
E
F˜ F1
E
But, diagram (11.37) shows that the linear map F˜ = M must preserve the
standard lattice of Cn−m−1, so we have
(11.38) F˜ (z + ei) = F˜ (z) + P1ei := F˜ (z) +
n−m−1∑
j=1
aijej
that is, comparing with (11.31), then Q1 is equal to 0 in the decomposition
(11.32). But through (11.37), this implies that
(11.39) F1(w) =
(
w
a1j
1 · · ·wan−m−1jn−m−1
)n−m−1
j=1
Now, recall that F1 is a biholomorphism of the whole Cn−m−1, so must send
a coordinate hyperplane onto another one without ramifying. This shows
that P1 = (aij) is a matrix of permutation. Hence every stabilizer is a
subgroup of Sn−m−1, so is finite. 
Example 11.29. Tori. Let n = 2m+1, then there are 2m+1 indispensable
points, S is (C∗)n and N is a compact complex torus of dimension m [42,
Theorem 1]. The associate polytope K is reduced to a point and N = G.
The moduli space M is equal to the moduli space of compact complex tori
of dimension m, which is not an orbifold for m > 1.
Example 11.30. Hopf surfaces. Let n = 4 and m = 1, then there are
two indispensable points and S is (C∗)2 × C2 \ {(0, 0)}. We fix λ1 = i and
λ2 = 1 + i. They generate the real affine line =z = 1. The complement of
this line in C has two connected components, say H + and H −. A LVMB
datum (S, λ) is given by a couple of complex numbers (λ3, λ4) belonging to
(11.40) H + ×H + ∪H − ×H −.
The manifold NΛ is equal to the diagonal Hopf surface obtained by taking
the quotient of C2 \ {(0, 0)} by the group generated by
(11.41) (z, w) 7−→ (E(λ3 − λ1) · z, (E(λ4 − λ1) · w)
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Two points (λ3, λ4) and (λ
′
3, λ
′
4) with coordinates in (11.40) are equivalent
if and only if their difference (λ′3, λ′4)− (λ3, λ4) or their switched difference
(λ′3, λ′4) − (λ4, λ3) belongs to the lattice Z ⊕ Z. The isotropy group of a
point is Z2 for the diagonal λ3 = λ4 and more generally for all couples with
λ4− λ3 ∈ Z; and is zero elsewhere. The moduli space is a complex orbifold.
Observe that not all Hopf surfaces are obtained as LVMB-manifolds, but
only the linear diagonal ones. Now, they coincide with the set of Hopf
surfaces that are equivariant compactifications of (C∗)2.
11.6. Morphisms between moduli stacks. We want to compare the
complex moduli stackMSm,n of Section 11.5 (assuming Theorem 11.28 holds)
with the real moduli stack MˆD,n,d,∗toric of calibrated Quantum Torics of maxi-
mal length up to marked isomorphisms.
We first review and complete the construction of MˆD,n,d,∗toric following the
case of Quantum Pn treated in Section 11.4. Here D is the combinato-
rial type of a complete Quantum Fan and the calibration is assumed to
be maximal. Theorem 11.17 describes MˆD,n,dtoric (i.e. without using marked
isomorphisms). The case of MˆD,n,d,∗toric follows easily.
Theorem 11.31. The moduli stack MˆD,n,d,∗toric is the real orbifold obtained
as quotient stack of the set (11.22) by the equivalence relation
(11.42) ~ ∼ ~′ ⇐⇒ ∃s ∈ Sp s.t. L exists and h′ = LhH−1
for L, respectively H, defined in (11.13), resp. (11.21) with t representing
the identity.
Proof. This is a direct rephrasing of Theorem 11.17 and Corollary 11.18,
noting that t must be the identity since we use marked isomorphisms. 
Now, let (S,Λ) be a balanced LVMB configuration. As in Section 9, we
assume that it is a configuration of n+ 1 points, cf. Warning 9.1. Fix S, m
and n + 1. We may associate to it the quotient stack [NΛ/Cm], where Cm
is the composition of the flows of the vector fields (8.15). By Theorem 9.13,
this is a calibrated Quantum Toric. In this way, we construct a map from
the set of objects of N ∗LVMB with same S, m and n+1 to the corresponding
moduli stack MˆD,n,d,∗toric . Two G-isomorphic objects are sent to the same
point MˆD,n,d,∗toric . So we just defined a map
(11.43) [NΛ] ∈M Sm,n+1 7−→ D [NΛ] := [NΛ/Cm] ∈ MˆD,n,d,∗toric
We want to investigate the local structure of this map. To do that, we first
rewriteM Sm,n+1 locally in a slightly different way as that given in Proposition
11.27. Especially, we normalize the involved LVMB data in a slighty different
way.
So, consider a fixed balanced LVMB datum (S,Λ) with dimensions m and
n + 1. Assume that k is less than m + 1. We assume that S is equal to
S0 × Tk, hence the k indispensable points are n− k + 1, . . . , n+ 1. We also
assume that {d + 1, . . . , n + 1} belongs to E , hence for the real affine span
of (Λd+1, . . . ,Λn+1) is the whole Cm ' Rn−d.
Up to G-isomorphisms, every LVMB datum (S,Λ′) close to (S,Λ) can be
normalized as follows
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(i) Λ′ is balanced.
(ii) Λ′i = Λi for all i between n−m+ 2 and n+ 1.
We perform an affine Gale transform (9.6) on the corresponding A, respec-
tively A′, and define uniquely v, respectively v′ by the additional constraints
(11.44) v1 = v
′
1 = e1, . . . , vd = v
′
d = ed
This is possible thanks to the fact that {d+ 1, . . . , n+ 1} belongs to E .
Theorem 9.13 shows that v = (v1, . . . , vn), resp. v
′ = (v′1, . . . , v′n) is a
representant of D [NΛ], resp. D [NΛ′ ].
Set
(11.45)
{
Z ∈ (Cm)n−m+1 |
n−m+1∑
i=1
Zi = −
n+1∑
i=n−m+2
Λi
}
Then a neighborhood of (Λ1, . . . ,Λn−m+1) in (11.45) encodes all [NΛ′ ] close
to [NΛ] through the map
(11.46) Z ∈ ΩΛ 7−→ Λ′ := (Z1, . . . , Zn−m+1,Λn−m+2, . . . ,Λn+1)
More precisely, we may take the open subset ΩΛ of (11.45) which consists
of points Z such that
(11.47) rank (Zd+1, . . . , Zn−m−1,Λn−m+2, . . . ,Λn+1) = n− d+ 1
that is maximal.
The previous Gale Transform with constraints (11.44) gives a well defined
mapping, say GT , from ΩΛ to
(11.48)
{
X ∈ (Rd)n−d+1 |
n−d+1∑
i=1
Xi = −e1 − . . .− ed
}
sending Λ (that is (Λ1, . . . ,Λn−m+1)) on v (that is on vd+1, . . . , vn). Denote
by Πv the image GT (ΩΛ).
A local model for the complex orbifold M Sm,n+1 at [NΛ] is given by the
complex orbifold chart [ΩΛ/HΛ] for HΛ a finite subgroup of GLn(Z) fixing
Λ. It follows from the proof of Theorem 11.28 that HΛ is indeed a subgroup
of Sn−m and acts by permutation on the first n−m coordinates of ΩΛ fixing
Λ.
A local model for the real orbifold MˆD,n,d,∗toric at v is given by the real
orbifold chart [Πv/Jv] where Jv is a subgroup ofSp acting on Πv and fixing v.
The precise action can be computed from the presentation given in Theorem
11.31.
The mapping GT is equivariant with respect to these actions and descends
as the morphism D making the following diagram commutative
(11.49)
ΩΛ Πv
[ΩΛ/HΛ] [Πv/Jv]
GT
D
Given v′ in ΠΛ, recall from Lemma 9.11 that every Λ′ in the fiberGT−1(v′)
is a Gale transform of v′. Recall also from Lemma 9.6 and Remark 9.4 that
such a Gale transform is unique up to action of the affine group Aff (Rn−d).
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Now, every Λ′ in the fiber GT−1(v′) is balanced with fixed last m coordi-
nates. Hence the fiber GT−1(v′) naturally identifies with the group
(11.50)
G : = {M ∈ GLn−d(R) |
MAi = Ai for all n−m+ 2 ≤ i ≤ n+ 1}
Observe that G is isomorphic to
(11.51)
{(
Id B
0 C
)
| B,C ∈ Mm(R)
}
In particular, every fiber of GT contains a configuration Λ′ which satisfies
the stronger constraints
(i) Λ′ is balanced.
(ii) Λ′i = Λi for all i between d+ 2 and n+ 1.
Let Ω˜Λ the subset of ΩΛ consisting of those Λ
′. Then GT is a diffeomorphism
between Ω˜Λ and Πv.
Remark 11.32. The same argument was used to prove Theorem 9.19.
In other words, the map
(11.52) (Λ′,M) ∈ Ω˜×G 7−→MΛ′ ∈ ΩΛ
is a trivialization for GT so the following diagram is commutative
(11.53)
ΩΛ Πv
[ΩΛ/HΛ] [Πv/Jv]
Ω˜Λ ×G Ω˜Λ
GT
'
D
1st projection
'
We just proved that
Theorem 11.33. The map D is an orbibundle with fiber G isomorphic to
R(n−d)2/2.
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